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1. INTRODUCTION

Jdne of the primary tasks in the present effort was the use of
the S-CUBED plastic-flow code to calculate for typical metal-matrix
camposites tne residual microscopic stresses which would result from
given faobrication and/or processing cycles. Such calculations have
been done for graphite/aluminum, tungsten/aluminum and silicon-
carbide/aluminum unidirectionally rein .rced fibrous composites. In
particular, a rather extensive series of parametric calculations was
performed for the gyraphite/aluminum case to determine the changes in
the aluminum matrix residual stresses which would result from vari-
ations and/or uncertainties in the thermoelastic properties of the
graphite fioers.

Tne S-CUBED plastic-flow code, which uses the concentric-
cylinder approximation for unidirectional composites, is described
in detail in Ref. 1. Briefly, the equations of elastic-plastic flow
are integrated numerically as the composite is cooled from an
initial stress-free state and then reheated. The fibers are assumed
to remain perfectly elastic throughout the cooling and heating
cycle, and tney may be treated as being anisotropic-transversely
isotropic. The matrix material is assumed to be isotropic and is
allowed to undergo plastic flow when its stress state reaches the
yield surface. The magnitude of the yield stress may depend both on
the temperature and the degree of plastic flow.

Results of the parametric study of a graphite/aluminum-2024
composite are given in Section 2, where stress-temperature histories
are given for the axial stress, hoop stress, and fiber-matrix inter-
facial radial stress. The temperature cycle used for these calcu-
lations is a cooling from a consolidation temperature of 930°F to a
minimum temperature of -240°F and then reheating until the aluminum
matrix again reaches the yield surface. Results are given both for
the TO temper (slow cooling) and the T4 temper (rapid quench)
thermoelastic properties and yield strength models used for 6061 and
2024 aluminums are detailed in Appendix A.




Results of two calculations on a tungsten/aluminum composite
are yiven in Section 3, and similar calculations on a silicon
carbide/aluminum composite are described in Section 4.

In Section 5, a computational method is presented for deter-
mining the elastic moduli and thermal expansion characteristics of
cross-plied laminates from the properties of the individual uni-
directionally reinforced composite plies. Calculated results as a
function of lay-up angle are given for a laminate made up of
graphite/aluminum layers. A computer code has been constructed for
treating a laminate with plies in up to three different directions.
The properties of the individual plies may bDe calculated directly
from the fiber and matrix properties if desired. The code also
provides values for tne intra-ply thermal stress derivatives about
an initial stress-free state. A FORTRAN 1listing of the code is
given in Appendix B.

A consideration of numerical results from a finite-element
code calculation as given in a recent report by Hashin and Humphnreys
{Ref. 2) has led to a revision of the PRUFC code. This code was
recently developed at S-CUBED for calculating the properties of
unidirectional fibrous composites from those of the constituents
(Ref. 3). In Section 6, various ways of obtaining the transverse
properties of a composite within the context of the concentric-
cylinder approximation used in the PRUFC code are examined and
compared with the results of a more nearly exact (but much more
expensive to run) finite-element code computation. A comparison of
residual stresses calculated with the S-CUBED plastic-flow code
(concentric-cylinder approximation) with those obtained from the
finite-element method is also given in Section 6. The agreement is
quite good.

In Section 7, a two-dimensional Fourier-series solution is
presented for the stresses and thermal deformations in an elastic
plate subjected to an arbitrary transverse temperature distribution.

A summary and some general conclusions are offered in
Section 8.




2. GRAPHITE/ALUMINUM PARAMETER STUDY

A series of calculations was performed to determine the
sensitivity of the matrix residual stresses to variations in various
fiber properties. Eignteen different sets of graphite fiber pro-
perties were used. For each set of fiber properties, results were
obtained for a slow cooling (TO temper) and a rapid quench (T4
temper) of the 2024 aluminum matrix from an initial consolidation
temperature of 930°F to a minimum temperature of -240°F. The fiver
proyerties are tabulated in Table 2.1, and the thermoelastic pro-
perti2s and yield-stress models used for tne 2024 aluminum are
sumparized 1in Appendix A. The room temperature thermoelastic
properties of the composite as calculated with the latest version of
the PRUFC code (Section 6) for each set of fiber properties are
given in Table 2.2, the values being appropriate to the case where
the aluminum matrix is not on its yield surface.

2.1 CALCULATIONAL RESULTS

Plots of tne volume-averaged (matrix) axial stress, volume-
averaged hoop stress, and the radial stress at the fiber-matrix
interface as a function of temperature are given as Figures 2.1
tnrough 2.42. The temperature cycle is a reheating from -240°F
after a slow (T0) or fast (T4) cooldown from an initial consoli-
dation temperature of 930°F. For this high initial temperature, the
matrix is completely yielded after only a few degrees (<30°F) of
cooling, and ‘ne changes in the stress state upon further cooling
are due primarily tc the variation of yiald strength with temper-
ature and plastic flow. Upon reheating from -240°F, however, the
matrix immediately drops below the yield surface; and the variation
in stress with temperature is then governed by the (reversible)
equations of thermoelasticity. As tne reheating continues, the
matrix will eventually again reach its yield surface, as indicated
oy tne open circles on the reheating curves. The plots are
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terminated at this point due to the limitations of the present
ve ~ion of tne S-CUBED plastic-flow code. Physically, if the
reheating were continued beyond tne yield point, the slope of the
stress-temperature curves would exhipit a discontinuous sharp
decrease in absolute magnitude with a subsequent return to zero
stress at the melt point. As long as tne temperature at tne upper
yield point is not exceeded, subsequent cooling will cause the
stresses to retrace the original heating path from -240°F. (The
possible effect of creep on the matrix residual stresses is not
treated nere.)

Tne effect on tne matrix stress of a variation of tne axial
coefficient of thermmal expansion for the fibers is shown in Figures
2.1 through 2.6. Neitner the axial, hoop, nor interfacial radial

stress suows a marked variation for the range a, = 0.5 x 10'6

FTt b a, = - 1.5 x 10°°F ! for the fiber expansion coef-
ficient. The reversiple, elastic portion of the axial stress shows

the greatest dependency.

Tne effect of a variation in the fibers transverse coefficient
of thermal expansion on the matrix stresses is depicted in Figures
2.7 tnrough 2.12. The axial stress does not exiibit a strong depen-
dency, but the hoop and interfacial radial stresses show a marked
variation. Perhaps it is not surprising that as the fipber's trans-
verse expansion coefficient approaches that of the matrix, the hoop
and radial residual stresses become small. Here it should be
pointed out that a negative (compressive) interfacial radial stress
would increase tne effective fiber-matrix bond strengtn; hence a
moderately large negative value might be desirable.

A variation of tne fiber's Poisson's ratios, as shown in
Figures 2.13 tnrough 2.18, has only a minute effect on all three of
the caiculated stress-temperature histories.

An increase in the fiber's axial elastic modulus from 50 Msi
to 100 ™si, Figures 2.19 through 2.24, does produce a more rapid
decrease in the matrix axial stress upon reheating from -240°F but




has a completely negligiple effect on the hoop and interfacial
radial stress-temperature histories.

A parametric variation in the transverse elastic modulus of
the fibers leads to the calculated results for the matrix stresses
plotted in Figures 2.25 througn 2.30. Doubling the fiber modulus
from 1 Msi to 2 Msi has a negligible effect on the axial matrix
stresses, and the effect on the calculated hoop and interfacial
radial stresses is also smail.

For tne calculations discussed above, the fiber volume frac-
tion in all cases is ne = 0.45. In Figures 2.31 through 2.36,
results are plotted for a fiber volume fraction of ne = 0.37 for
two values of the fiber's transverse thermal expansion coefficient.
As was the case with Calculations 2, 4 and 6, the larger value of
tne transverse expansion coefficient produces a significant decrease
in tne imagnitudes of the hoop stresses and interfacial radial
stresses.

Results for two different fiber volume fractions of ne =
0.30 and ne = 0.60 are plotted in Figures 2.37 through 2.42. The
residual stresses are somewhat hiyner in magnitude for the Tlarger

volume fraction.

2.2  SUMMARY AND CONCLUSIONS

In general, for all of the fiber parameter variations dis-
cussed above, the calculations indicate that the axial matrix stress
at room temperature after a rapid quencn from 930°F to -240°F (T4
temper) will lie in the range from about 30 ksi to 40 ksi (tensile)
and tnat tne matrix will remain elastic up to about 600°F upon
reheating. The residual hoop stress at room temperature in all
cases is tensile and ranges from about 10 ksi to 20 ksi in magnitude
if the fiber's transverse coefficient of thermal expansion is taken
to be less than or equal to that of the matrix (-12.4 x 107°°fF~1
for 2024 aluminum at room temperature). Further, the interfacial




radial stress between the fiber and matrix is compressive as long as
the fioer's transverse expansion coefficient does not exceed that of
the matrix, the magnitude ranging from about 2 ksi to 10 ksi over
tne range of material parameters used in these calculations. This
would appear to be a significant result, since a compressive inter-
facial stress is desirable as an aid in maintaining the integrity of
the fiber-matrix bond. This opond 1is critical, since it 1is the
source of the (localized) snear forces which are ultimately respon-
siole for equilibrating axial strain between the fiber and matrix
components.

For tne slow cool to -240°F (Tu temper) the axial residual
stresses at room temperature for all cases considered here are very
close to zero, a situation wnich would appear to be desiraole if the
composite is to be subjected to subsequent mechanical loading.
Because of tne reduced yield strength of the TO temper with respect
to that of the T4, however, the matrix will again reach its yield
point after reneating to between 200°F and 3J0°F. Even tnough the
axial stress at room temperature is much lower for the T0 temper
than tne T4, the hoop stress will still pe apout 5 ksi to 10 ksi in
tension for the range of fiber parameters considered. As long as
tne fiber's transverse expansion coefficient is less than tnat of
the matrix, the interfacial radial stresses would still be
compressive according to the calculations, the magnitudes being in
the range from 2 ksi to about 8 ksi.

A room temperature axial residual stress of 30 ksi to 40 ksi
in the matrix as calculated for the T4 temper would be undesirable
if tone composite were to be subjected to large tensile loads. This
is due to the fact that the matrix would reach the yield surface,
with a consequent degradation of the axial modulus, at a Tlower
applied load tnan it would if the matrix stress were initially near
zero. For compressive lodads about the ambient state, however, an
initial tensile residual stress might be useful. In any case, it is
not immediately apparent how the room temperature residual stress
for the T4 temper might be reduced. Continued heating beyond the

o




yield point of ~600°F would result in a stress temperature path that
must ultimately pass through zero stress at the melt point. A
recooling from any point on this path segment would result in a
(reversible) elastic curve for the axial stress that would lie to
the right of the initial heating curve from -240°F, and consequently
the room temperature axial residual stress would be higher than it
was before. This might be alleviated however, if creep of the
matrix material was taken into account.

Some reduction of the axial residual stress would be achieved
oy couling below -¢40°F initially. No explicit calculation was
done, but it appears from an extrapolation of the curves presented
nere that cooling to ~-320°F (liquid nitrogen) would reduce tne
axial residual stress by about 5 ksi or 10 ksi.
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matrix of a graphite/aluminum composite (slow cooling).
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3. TUNGSTEN/ALUMINUM RESIDUAL STRESSES

Calculated axial and hoop stresses (volume averaged) in the
aluminum matrix are given in Figures 3.1 and 3.2 for a composite
whicn is 45 percent by volume of tungsten fibers and in Figures 3.3
and 3.4 for a 55 percent fiber loading. The temperature cycle is a
cooling from a consolidation temperature of 930°F to a minimum
temperature of -240°F followed by a reheating. The open circles on
the reneating curves mark the temperature at which the stress state
in tne matrix again reiaches the yield surfice. As was the case for
tne graphite/aluminum calculations in Section 2, the matrix reaches
the yield surface after only a few degrees of cooling (< 50°F) from
the initial value of 930°F. The subsequent increase in stress is
due to the temperature and plastic-flow dependence of the yield
strength.

The material properties and yield-strength models for the 2024
aluminum are given in Appendix A. The tungsten fibers are assumed
to be elastic over tne entire temperature range, the following
values being used for the tungsten's elastic modulus, Poisson's
ratio and linear coefficient of thermal expansion: '

E - 59 Msi
0.28

<
i

2.5 x 10° in/in/°F .

[=}
n

Tne properties of the composite as calculated with the PRUFC code
are given in Table 3.1 below.




TABLE 3.1 CALCULATED THERMOELASTIC PROPERTIES
OF A TUNGSTEN/AL2024 COMPOSITE

ne 0.45 0.55
E, (Wsi) 17.74 20.69
E,(Msi) 32.33 37.18
Yy 0.434 0.428
v, 0.305 0.300
a, (10‘6° '1 8.48 7.34
a, (10 -6- l) 4.34 3.82
x),(Mm 6.19 7.24
G, ,(Msi) 7.63 8.98

For the TO temper (slow cooling from 930°F) the residual axial
and hoop stresses are close to zero after reheating to room tempera-
ture from -240°F. Because of the low yield strength, however, the
matrix will again reach the yield surface at abcut 150°F. For the
T4 temper (rapid quench), the higher yield strength allows the

matrix to remain elastic up to about 500°F. The high value of the
axial residual stress at room temperature, however, would be

undesirable if the composite is to be subjected to large tensile
1oads.
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Figure 3.1. Volume-averaged axial and hoop stresses versus

temperature for the matrix of a tungsten/aluminum
composite (rapid cooling).
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Figure 3.2. Volume-averaged axial and hoop stresses versus

temperature for the matrix of a tungsten/aluminum
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Figure 3.3. Volume-averaged axial and hoop stresses versus

temperature for the matrix of a tungsten/aluminum
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composite (siow cooling).
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4. SILICON CARBIDE/ALUMINUM RESIDUAL STRESSES

Several calculations have been done to determine the magni-
tudes of the residual stresses to be expected in a SiC/A1 composite
as a result of cooling from the consolidation to ambient tempera-
ture. The effect of these stresses on the elastic properties of
unidirectional panels and cross-plied laminates is also considered.
Tne results of this section have been submitted previously as an
Interim Progress Report to the Naval Research Laboratory (Ref.4).

4.1 FIBER PROPERTIES

For bulk SiC, whicn we assume to be isotropic, the elastic
(Young's) modulus and shear modulus were taken as (Ref. 5):

68 Msi
27 Msi

m
]

G
n

The coefficient of tnermal expansion was assumed to be

a = 2.42 x 1078 insin/oFt

whicn, from Ref 5, is appropriate for the temperature range con-
sidered here.

The SiC fibers, however, are not complietely bulk material, but
apparently contain a core of essentially zero strength material

3

(carbon) whose diameter is about 1.3 x 107" in. as compared with

3 in, The volume

an outer fiber diameter of about 5.6 x 107
fraction of the caroon core is thus 0.054. The overall properties
of a fiber were determined with the PRUFC Code (Ref. 3), in which
tne sheatn of the concentric cylinder model was assigned properties
appropriate to the bulk SiC, and the core was assigned elastic
moduli a factor of 10°3 smaller (hollow cylinder approximation).
The resulting calculated properties of the fiber, which now becomes

anisotropic-transversely isotropic, are:
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= 64.33 Msi
ET = 60.56 Msi

VIT = 0.2400
VTA = 0.2600
GAT = 24.25 Msi

= ap = 2.42 x 1070 F1 |

where the Poisson's ratio VT refers to the transverse contraction
for an applied transverse stress, and VTA refers to the transverse
contraction for an applied axial stress. As expected, because of
tne small volume fraction of the core, the net fiber properties
differ only slightly from those of the bulk SiC.

Tne material properties and yield-strength models for the
aluminum 6061 matrix are given in Appendix A.

4.2 RESIDUAL STRESS RESULTS

Average axial stresses in the aluminum matrix of a SiC/Al
composite are shown in Figure 4.1, Results are given for fiber
volune fractions of 0.35 and 0.50 and for both the TO and T4
aluminum tempers. The assumed thermal cycle process is a cooling
from an initially stress-free state at 700°F to room temperature and
then reheating.

As mentioned previously, the code uses a concentric-cylinder
approximation to model the composite. For initial cooling from the
stress-free state, both the inner cylinder (fiber) and the outer
(matrix) are elastic. As cooling continues, tne matrix material
will in general reach its yield point, after wnich the Reuss
equations for plastic flow (see, for example, Ref. 6) are integrated
numerically to determine the distribution of stress in the outer
(matrix) cylinder. In the code's present form the fiber is treated
2¢ Vinaarly elastic over the entire temperature range.
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For the cases depicted in Figure 4.1, about 20 degrees or less
of cooling from the initial temperature of 700°F is sufficient to
bring the aluminum matrix to its yield surface. The additional
increase in axial stress for further cooling results from two
causes: the increase of the matrix yield stress itself as a func-
tion of decreasing temperature, and a further increase due to
plastic-flow work hardening. At the lowest temperature (70°F) the
axial stress is a maximum, and its magnitude depends strongly on the
effective temper of the aluminum. The calculation suggests that the
maximum residual stress due to rapid quenching (T4 temper) would be
over twice that of the slow-cooled or annealed state. If the com-
posite is reheated from room temperature, the matrix material will
fall off the yield surface, and as shown in Figure 4.1, the rate of
decrease of stress in the elastic regime will be quite rapid. For
the annealed case, a temperature increase of about 100°F would be
sufficient to reduce the residual stresses to approximately zero.

It is anticipated that A357 aluminum casting alloy will also
bDe used in the fabrication of these composites. No residual stress
calculations for this material have been done as yet Lecause we have
been unable to locate yield strength information for the TO and T4
tempers. No large differences witn respect to the 6061 matrix are
expected nhowever, since the yield strengtn of the A357 alloy in the
T6 temper is comparable to that of 6061-T6, and other mechanical
properties also are not significantly different.

4.3  ELASTIC PROPERTIES OF A UNIAXIALLY REINFORCED LAMINATE

Since tne coefficient of thermal expansion for the aluminum
matrix is greater than that of the SiC fibers, the residual stresses
in tne matrix after cool-down will be tensile in the axial direc-
tion. (The calculated hoop stresses in the concentric cylinder
model are also tensile, but the radial stress is compressive, so
that there should be little tendency for deponding to occur between
the matrix and fibers.) If the composite is not subjected to an
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overall tensile axial stress, the matrix will remain on the yield
surface and the effective axial elastic modulus will be lower than
it would be in the absence of residual stresses.

The plastic-flow code as described in Ref. 1 has been
augmented so that it is now possible to calculate the stresses as a
function of axial strain following the cool-down procedure. The
calculated overall axial stress as a function of axial strain at
70°F is plotted in Figure 4.2 for tne 6061-TO yield model after
cooling from 700°F. Also shown is the straight-line stress-strain
curve for an elastic matrix as calculated with the PRUFC code, and
an experimental stress-strain curve obtained from AVCO (Ref. 7), the
volume fraction of fibers in this case being 0.45., The experimental
curve changes slope at about 90 ksi, and the slope of the higher-
stress segment is in good agreement with that of the curve corre-
sponding to the yielded matrix. The lower-streés portion of the
experimental curve however, is in agreement with the stress-strain
curve as calculated using an elastic matrix.

The overall axial stress for the composite is related to that
in the fibers and matrix by

= + 1 -n
Tz = Mgy 7 0 #192m

For this material one has, to good approximation,

for the fiber stress in terms of that in the matrix, where Ef and
Em are the respective fiber and matrix axial elastic moduli. For
an elastic matrix of modulus Em = 10 Msi, and an overall composite
axial stress of 90 ksi, the matrix would experience a stress of 26
ksi, a value close to the nominal yield stress of 6061 aluminum in
the T4 temper. On tne other hand, if the preak in the experimental

curve at 90 ksi is to be interpreted as the transition point from an
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elastic to a plastic matrix, then the initial state of the matrix
would have to be essentially stress-free, in marked disagreement
with the calculated axial residual stress as shown in Figure 4.1,

The slope of the calculated stress-strain curve corresponding
to a yielded matrix is 29.3 Msi, which is close to the value

nfEf = (0.45)(64.33) = 28.9 Msi ,
which one would expect for the composite elastic modulus if the
matrix modulus were zero. This result is to be expected, since at
tne yield surface the effective modulus of the matrix is approxi-
mately equal to the local slope of the yield-strength versus strain
curve, wnich typically ranges from several hundred ksi to about 1
Msi (see Figures A.3 and A.4 of Appendix A). Since this slope for
either the TO or T4 temper is small as compared with the 64 Msi
modulus of the fiber, the choice of tempers has a negligible effect
on tue calculated value of the effective axial modulus for the
composite if the matrix is indeed on the yield surface.

The concentric-cylinder approximation used in the S-CUBED
plastic-flow code does not Tend itself to the calculation of the
transverse stress-strain relations if the matrix is on the yield
surface. From the PRUFC code, however, for an elastic matrix the
calculated transverse modulus for the composite is

Er = 17.1 Msi

I

for a fiber volume fraction of 0.45. The mixture result for a
simple series combination of tne fioer and matrix materials,

1
= 0.45 , 0.55
E—% 00.56 * 10

gives the resuit
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Ef = 16.0 Msi ,

quite close to the PRUFC result, so that the simple series comdina-
tion might be expected to give a useful approximation to the
transverse benavior, even if the matrix has yielded.

Note here that if the matrix material is at the yield surface
due to tne cool-down residual stresses, then the dominant residual
stress is tension in the axial direction. Consequently, an applied
transverse tension will pull tne matrix off the yield surface and

the initial transverse behavior will be elastic. Under an applied
transverse compressive stress, the matrix would stay on the yield
surface and flow plastically, resulting in a lower apparent modulus
for the composite.

For the simple series combination, the overall strain is given
by
+(1-n

€ = Neeg £len

in the transverse direction, or

g

€ = nf E‘; f (1 - "f)em(")

Tne above relation was used to obtain the estimates for the 90
degree orientation composites as plotted in Figure 4.2.

4.4  LAMINATE PROPERTIES

The code constructed at S-CUBED (Appendix B) may be used to
compute the elastic properties of a laminate with plies oriented in
up to three different arbitrary diraections. As input one may use
either the elastic and thermal properties of each type of ply, or
tne volume frdactions and individual properties of the fiber and
matrix components for each type of ply. In the latter case the code
computes the ply properties as per the method used in tne PRUFC
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code. With the fiber and matrix properties as input, the code was
used to determine the elastic behavior of a 0°/90°/90°/0° laminate
with each ply consisting of a 0.45 fiber volume-fraction SiC/Al
composite. The resulting slope of tne initial elastic segment is
indicated in Figure 4.3, both for an initial stress-free state and
for tne case where tne matrix material is at the yield surface due
to cool-down residual stresses. Fcr the 90° plies, the initial
benavior, as discussed above, will be elastic even though the matrix
is initially on the yield surface. It turns out that for these
orientations, tne vresulting elastic modulus of the composite

laminate is very nearly the same as that of a simple combination of
parallel springs. Thus, with equal volume fractions of the 0° and
90° plies, the laminate modulus corresponding tc an elastic matrix is

(34.5 + 17.1)/2 = 25.8 Msi,

and for the yielded matrix it drops to
(29.3 *+ 17.1)/2 = 23.2 Msi

as indicated in Figure 4.3. Eventually, the 90° plies, which had
initially dropped off the yield surface, will once again reach the
yield surface. Using an elastic-perfectly plastic model with a
yield stress of 21 ksi (T4 temper), this is found to occur at an
overall stress of aovout 28 ksi, at which point the slope of tne
stress-strain curve will drop to about

¢3.3/2 = 14,6 ksi

Tne resulting stress-strain relationship agrees well with a
projected estimate from AVCO, as shown in Figure 4.3.
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5. THERMOELASTIC PROPERTIES OF CROSS-PLY LAMINATES

Computational machinery 1is presented for determmining the
eiastic moduli and thermal expansion characteristics of cross-plied
laminates from the properties of the individual unidirectionally
reinforced layers. Explicit formulas are given for the elastic
constants and thermal expansion coefiicients for a laminate with
equal volume fractions of plies oriented in two directions. The
computer code (Appendix B) in its present form may be used for plies
oriented in up to three different directions. The code also pro-
vides the stress-temperature derivatives within each type of ply,
appropriate to a uniform heating from an initial stress-free state.

5.1 TRANSFORMATION OF ELASTIC CONSTANTS

As a first step, it is necessary to obtain expressions for the
elastic constants of a fiber-reinforced material in a coordinate
system rotated with respect to that defined by the direction of the
fibers. The stress-strain relations for a fiber-reinforced material
assume the simplest form in the fiber coordinate system (FCS), i.e.,
tnat coordinate system in which one of the axes is in the direction
of the fibers. If we take the z-axis as being parallel to the
fibers, then tne stresses are given in terms of the strains by the
matrix relation

- 9 - - -
Ixx Ci1 %12 G3 0 0 0 €xx
oy Cp, Sy Sy O 0 0 cyy
o2 | = | %3 C3 Cz3 O 0 0 22 (5.1)
9y 0 0 0 2, o0 0 )
oy 0 o 0 o 2, O -
Ty o o0 o0 o 0 20 xy

S N J L
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i.e.,

9x = C11oxx Clasyy * 13522 > (5.2)
oyz = 2C44eyz , etc.,
where the strains are defined by
du,  Ju.
I J
ei\] = 2-<a—x;+—a'x—i—> (5:3)

In what follows, the subscripts 1, 2, 3 will be used interchangeably
with x, y, 2z, respectively, to denote the coordinate axes. In the
usual case, where the material is not only orthotropic but also
transversely isotropic,

~ l ~
\066 = 2' (\411 - Clz) - (5.4)

For the laminate analysis, we require the elastic constants of
the ply in the rotated coordinate system x'y'z' as shown in Figure
5.1, obtained by a positive rotation (e > 0) about the x,x' axis,
which is perpendicular to the face of tne ply. The elastic con-
stants Cpq are, of course, components of the fourtn rank tensor,
cijmn’ which relates the stresses to the strains,

(5.5)

.. =C,.
%ij ijmn mn
using the summation convention m,n = 1,2,3 over repeated indices.

In general, the transformation to a new coordinate system is
given by

-~

C (5.6)

pgkr = lpiijgkmirncijmn ’

where tne Qij relate the components of a vector in the primed
coordinate system to those in the unprimed; and in the present case
(Figure 5.1), these quantities are given by the matrix
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11 212
%51 =\ *a1 222
%31 Y32

In the FCS, the nonvanishing components of the tensor C

1 0 0

={ Q0 cose sine (5.7)

0 -sine cose

ijkm

are given in terms of the elastic constants defined in Eq, (5.1) by

C11 = C1i11 = Co222

12 = ‘1122 = Coann

13 = C1133 = L2233 =

C33 = “3333

Caq = C2323 = (o332 =
= (1313 = Cy331 =

Ce6 = C1212 = C1221 =

¢
c

C2112

3311

3223
3113

= L3322
(5.8)

= 03232

= C313p

Ca121

Thus, tne calculation of a typical component in the new coordinate

system requires the consideration of 21 terms.

231831 431431

31%31%32% 320

+ +
ec e

3333 ©

+

LR

%32%31 %31 4320

+

1111
1122

2112

+ Lo .0, 2,,C

* 0

For example,

32732732 3272222

C

32732731731 ~2211 (5.9)

+ . .

+ 2,0

2' ~

32731732731%2121

Many of the terms are zero, however, because of the simple form of
the transformation matrix, Eq. (5.7).

The result

is that the stresses and strains

in the primed

coordinate system of Figure 5.1 are related by (note that the matrix

is not symmetric)
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— -
Ixx
o.
Yy
[}
922

vz

%z

]
g
XY
where the

C11

~ 1

Li2
13
C14

C22

23

C24

Cl

33

Cia

R

(5.10)

Cii G122 Gy XLy 0 0 €
Cl2 Ca2 Ta3 %y 0 0 €y
Cis Ca3 C33 203 0 0 €22
Cila Coa T34 204 0 0 €yz
0 0 0 0 355 2C56 €z
L0 0 0 0 20&6 2(:66 i :"X_ .
new elastic constants are given in terms of the old by
=01
= Clzcosze + C13sin29

Clzsinze + C13c0529

- Clzsinocose + Cl3sin9cose

Cllcos4o + C33sin4e + 2013sin29cosze

+ 4C44sin29cosze

(C11 + 033) sinzecosze + 013(sin4e + cos4e)
" . 2 2

- 4L44s1n 8cos o

-C sinecos3e +C (sinecos3e - sin3ecose)
11 13

3

+ C33sin39coso + 2C44(sinecos3e - sin"ecos98)

decos4e + Cllsin4e + 2C13sin29cosze
+ 4C44sin29cosze
-C sin3ecose +C sinecos3e
11 33
.3 3
+ C13(s1n ecose - sinecos~e)

+ 2044(sin3ecose - sinecos3e)
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Ci4 = (C11 + C33) sinzecosze - 2C13sinzacosze
+ C44(cosze - sin%e)?

Cgs = C44cosze + Ceﬁsinze

Lgg = (Chq - Cgg) sinecose

C66 C66cosze + C44sin29

The above results have been checked against tnose given by

(8,

Hashin for an initial coordinate system in wnich the fibers are

parallel to the x-axis.

The description in the primed coordinate system is completed
oy a consideration of the thermal stress parameters. In the fiber
coordinate system the thermal stresses are given by

(T) (T)
g = g = = Yy, 4T s

?§) ¥y 1 (5.12)
92 =" ¥3rl

where AT is the temperature increment, and the stress-temperature
coupling coefficients are given in terms of the linear coefficients
of thennal expansion by

= (€ * Cpla, * C
2C +C

a
1372 (5.13)

1}

"3 13%« 33%

The nonvunishing components of tnis second rank tensor in tne
primed coordinate system dre

11 ="M

Yéz = ylcosze + y3sin29

Y33 = Ylsinze + y3coszg (5.14)
YIZ3 = 71'32 = (Y3 - Yl) sinecose
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In summary, the stresses are given in terms of the strains in
tne rotated, or laminate coordinate system (LCS), by

911 = C11%11 T Cu2f22 T Ci3e3z * Zlygfa3 - 1T

922 = C12°11 * C22%22 T C23%33 T %C24%23 - 22T

933 = 13811 * Ca3%22 T C33%33 T 234503 - v33eT

923 = C1a%11 " Caa%22 T C34%33 * 2Cqqtp3 - 72387

913 = ZC55513 + 2C56812 (5.15)

912 = %t56%13 T 2Lget12 o
where, for convenience, the primes have been omitted. If we
consider the stresses as a six component column matrix, then the
above relations can be written in matrix form as

o =Ce - yalT , (5.16)

and tne inverse relations giving the strains in terms of the

stresses are

-1

e =C

g * C-ly AT

or equivalently as

e = S0t aal,

(4] m m (3] [y ™
— — [AS) (O8] no -
(2] w o w (3 V] [

M Ll [ Ll i L

= 512%11 * S22%22
= 513911 ¥ S23%22
= 514911 * 324922
= USgp0q; * 25540
= Sggoq;3 * 25540

= 311911 * 31292 ¢
* Sp3033 ¢

+

513933 ¢

533933 *

* 534933

12
12

2514923
2354923
23534973

* 25449,3
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allAT
azzAT
a33AT
a23AT

(5.18)

(5.19)




wnere the inverse S of the matrix C is easily obtained using the
computer (note again that the matrix S and the matrix C are not
symmetric when the strains are defined by Eq. (5.3)).

5.2  THERMAL EXPANSION COEFFICIENTS

Here we shall pe concerned with the thermal expansion coef-
ficients of a laminate containing equal volume fractions of plies
with fibers oriented in one or the other of two directions. The
z-axis of tne laminate coordinate system is taken as the bisector of
the angle between the fiber directions, as indicated in Figure 5.2.

The elastic constants in the LCS of a ply with fibers in the
zy direction are given directly by the relations (5.11); and the
elastic constants of a ply with fibers along z, may be obtained
from the connections (5.11) by replacing sine by - sine, i.e.,

~(2) (1)
‘14 = - Cig
céﬁ) - - céi’ (5.20)
~(2) (1)
C34° = - C34
~(2) (1)
vs6 = - Cs6
(2) _ (1)
Y23 7723
(2) (1)
@23 T 7 %23 ’

all the other parameters being equal. I[f the laminate thickness
(x-direction) is very much less than tne lateral dimensions (y,z
directions), then away from the edges the shear stresses between
plies will vanish, and the appropriate boundary conditions for
determining the tnermal expansion coefficients are

76




Fiber Axis Fiber Axis
. 4
-8 +6
Figure 5.2. Laminate geometry.
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oii) = oii) = 0 (5.21)

Eii) _ Eii) (5.22)
(1) _ (2)

eyy = &y (5.23)
(1) (2)

sz ° fyz (5.24)

and (equal volume fractions),

oii) . oig) -0 (5.25)
05;) + 055) =0 (5.26)
o}i) + c§§) -0 (5.27)

The conditions (5.22), (5.23), and (5.24) give the three
equations,

(1) (2), (1) (1) (2)y (1)

(5.28)
RIS VIS PR LIRS CL LI COYN S
(1) (2), (1) (1) (2), (1)
(S30° * 32, loyy * (Sp3" * Sp3 )0y,
+ 2(syh) + Séﬁ’)a;;) RTINS LIP YN (5.29)
(1} (2), (1} (1) (2), (1)
(324 * SZ4 )°yy * (334 ¥ s34 )Gzz
carsgy vsgdhelth ey S aBhar a0 L (5.0

where use nhas been made of (5.21), (5.25), (5.26), and (5.27). Since
S(2) (1) (2) (1)

3§ = " 533 > %33 =933 o etc.,

the first two relations (5.28) and (5.29) give the intuitively
obvious result
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0\(1.;) = Oii) = 055) = aig) =0 s (5.31)
and tne third condition (5.30) gives
(1) (1) (Ly + _ '
4544 Qyz + 2a23 aT =0 . (5.32)
The z-component of the thermal strain is just
(1) (1) (1) (1)
€,2 % €7 = 2534 oyz + a3 AT (5.33)
whicn with tne use of (5.32) gives the desired result
; Sgi) (1) , (1)
2z 1 1
2 =3 ¢ ° s %23 ' 933 : (5.34)
44
Similarly,
(1) (1) (1)
Eyy * 2324 oz + ar AT (5.35)
which witn the use of (5.32) gives
; Spa. (1), (1)
Yy o .
Q‘y = KT_ = g‘rﬁ 023 + azz 'Y (5.36)
44
and finally, one obtains,
S(l) : 0
14 (1), (1
a = - a a (5.37)
X Siii 23 11

Rememper tnat in the above expressions the Sij and %43 are

elements of the tensors in the laminate coordinate system.

The elements Sij may be obtained in two ways: Dby computing
the elements of tne matrix C and taking the inverse, or by direct
computation from the elements in the fiber coordinate system using
tne transformation Eqs. (5.11)
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For example,

$34 = - Sllsin3ecose + S33sinecos3e
+ 313(sin30cose - sinecos3e) (5.38)
+ 2344(sin3ecose - sinacos3e) ,

wnere

51 = 1E, = Sy,

312 = 7 Y/t = a1

513 = - vXZ/EZ = 531 = 523 = 532 (5.39)

533 2 l/EZ

S4q = V/(88,,) = 1/(4Gy)

Sgg = 1/(4Ccc) = 1/(4Gq)

are tne nonvanishing components in the FCS in terms of the Young's

moduli Ex’ E ard the Poisson's ratios (contrac-

V. o, v
z Xy Xz
tion, force). The quantities GA, ap are the standard axial and

transverse shear moduli.

5.3  ELASTIC PARAMETERS

Tne elastic (Young's) modulus in the z-direction for the
laminate is obtained by applying the conditions

Eii) N eii) - ey (4T = 0) (5.40)
(1) (2)

syy = syy (5.41)
(1) (2)

L (5.42)

oii) " oii’ -0 (5.43)
(1) , (2) _

0y, * gy = 0 (5.44)
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S D v

vz cyz (5.45)

where (5.44) ana (5.45) imply equal volume fractions of the two
types of ply.

The condition (5.41) gives

(1 (1), (1) (1), (1) (1)

22 %yy 23 %2z 24 %23
(2) (2) (2) (2) (2) (2)
=S50 %y t 53795 Y 2yp0p30 (5.46)
and (5.42) gives
(1) (1) (1) (1) (1) (1)
524 oyy + 334 o, + 2544 953 (5.47)
(2) (2) (2) (2) (2) (2)
=324 9y t 334 9,; * 24493

wnere use has been made of (5.43). With the use of (5.44) and
(5.45) the above relations become '

(Séi) v gt (1) (1) (1) (2) (2)

22 19y 23 %2z 23 Y2z
IO VU L (5.48)
A
RO FUR VTS LI (5.49)
and (5.40) gives the two relations
sy3opn) ¢ siLlall) e asRloll) (5.50)
; Séé)o;;) IO ILUP D P U (5.51)

The relations (5.48), (5.49), (5.50), and (5.51) constitute a set of

(1 (1 ()

, G , and c(l).
yy 2z 22

four equations in the four variables o 53
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Equation {5.48) simplifies to

(1) (1) (1), (1) (2)
S50 gy * Sp3'legy moy ) =0

and (5.49) reduces to

(1), (1) (2) A1) (1)
S33 (o, * oy ) * 45447055

1]
o

The relation (5.51) is also

(1) (1) (1) (2) (1) (1)
=553 9y Y3337 0,0 85347053 = 5

whicii wien subtracted from (5.50) gives

(1) (1) (1), (1) (2)
2353 oy S33'logy =071 =0

b

and a consideration of 5.52) and (5.55) gives the results,

LD 2

yy T yy
1) (2)
2z T Tzz ’

wnicn, it must be admitted, seem very appropriate.

The relation (5.53) then becomes

(1) (1) (1) (1)
2534705, Y 83447953 =0

and (5.54) is now

(1) (1) (1) (1)
33379, Y 834703 = ¢

The apove two relations yield the desired result,
(1) (1)2
2z _ (1) >34 1
- 33 §Y) -
0 344

or
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53)
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(1)2
1 (1) >34

‘E'— = 533 - -('I'T_ (5.60)
z S
44
for the reciprocal of Young's modulus E,.
The elastic modulus in the y-direction follows from the
conditions
(1) (2)
Sy * eyy = €, (5.61)
(1) (2) _
EZZ = EZZ (5.62)
(1) (2)
vz Syz {5.63)
0)(0];) = Gii) = 0 (5.64}
and for equal volume fractions,
(1) (2)
GZZ + OZZ = 0 (5.65)
(1) (2)
oyz + cyz =0 . (5.66)

Doing tne same algebra as above for EZ gives the desired relation

S(l) 2
N . (5
T =32 - j
y S44

for the reciprocal of the Young s modulus.

.67)

In a similar fashion, one obtains for the elastic modulus in

the direction perpendicular to the laminate,

g1 2

1 s(l) 14 . (5.

E °1 T Iy
X 544
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The corresponding Poisson's ratios are easily obtained from the
apove results. For tne case of an applied stress in the z direction,

S + 25

®xx = °13%zz 14°23
(5.69)
€2z = 33392z * 2534%;3
which with the use of (5.57) gives
513%44 - 314334
Yxz T T . (5.70)
X2 $..5., - S°
33544 - S3a
Likewise,
Syy = 3239z * 254%3 (5.71)
and
$,3%44 = 524534 .
y =T (5.72)
yz s s .2
533544 - S34

In order to obtain an expression for the in-plane shear
modulus, we apply the conditions:

eii} ] eﬁi) . (5.73)
A1t (5.74)
e§;) - e}j) (5.75)
A2 Gty (5.76)
AL PLL (5.77)
0;;) ; cy§2) - 0 (5.8/)

fhe condition (5.74) yields witn the use of (5.76), (5.77), and
(2.78),
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s (1)

237y * 33923 sl “) fé)) -0 (5.79)
and (5.73) gives
(1; (1) (1) (l) (2)
522 yy' + 523 22 + S (o ) = 0 (5.80)

The superscript is omitted in the above expression if the quantity
has tne same numerical value for both types of ply (e and - e fiber
orientation).

From (5.73) we obtain two relations

(1) (1) , (1) (1) (1)
524 Iy 334 22 + 2544 vz = %o (5.81)
(2) (2) , (D) (2) , 5o (&) _ (5.82)

24 %yy 34 %2z 44%yz 0

Subtracting (5.82) from (5.81) leads to the conclusion that
(l) (2)

vz 9z s (5.83)
whereas adding (5.82) and (5.81) gives the useful relation,
st (1) (1) (1) (1)

whicn togetner with (5.79) and (5.80) form a set of tnree simultane-
(1) (1)

ous linear equations in the variables Sy * %2z
;i). These may be solved numerically to obtain the in-plane

shear modulus

. and

(1)

a
22”’ - 25 (5.85)
0

5.4  NUMERICAL RESULTS

Calculated results for several parameters as a function of the
lay-up angle o (Figure 5.2) are presented for a laminate whose plies
consist of 3 percent oy volume grapnite fipers in a 2024 aluminum
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matrix. The input parameters for the fibers and matrix, as given in
Taple 5.1 below, are the same as those used by Hashin and

(2)

Humphreys in a recent report. -
TABLE 5.1

INPUT ELASTIC CONSTANTS FOR FIBER AND MATRIX
Elastic T-50 2024-T4 Al
constant araphite Fiber Matrix
EZ(GPa) 388.2 72.4
EX(GPa) 7.6 12.4
C44(6Pa) 14.9 27.2
C66(&Pa) 2.6 27.2
vxz** 0.41 0.33
v, 0.45 0.33

X, -1 -6 -6
az( c ) - 0.68 x 10 22.5 x 10

o (°c7h 9.74 x 1078 22.5 x 1070

**Tpe subscripts are (contraction, force).

The PRUFC code[3‘I was used to «calculate the elastic
properties of a ply in the fiber coordinate system, with the results
as given in Table 5.2 (the PRUFC code was subsequently revised as
discussed in Section 6).

The linear tnermal expansion coefficients for the laminate, as
calculated with Eqs. (5.34), (5.36), and (5.37) are plotted as a
function of ply angle in Figure 5.3. It will be noted that tne
axial thermal expansion has a minimum at about 20 deg (40 deg total
angle between fiber directions). It is also comforting to note that
the calculated results exhibit the required symmetry about 45
degrees.
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TABLE 5.2
INPUT ELASTIC PROPERTIES FOR A FIBER REINFORCED PLY
(30 percent by volume of fipers)

Elastic

constant Value

EZ(GPa) 167,18
Ex(dPa) 37.11
C44(6Pa) 22.82
C66(3Pa) 12.68

Vez C.33840
nyo 3 0.46294 6
aZ(OC_l) 6.29 x 10-6
ax( o) 25.66 x 10
Cll(&Pa) 50.85
CIZ(GPa) 25.48
C13(&Pa) 25.83
C33(6Pa) 184.66

The elastic moduli along the three laminate axes are plotted
in Figure 5.4, and two Poisson's ratios are given in Figure 5.5 as a
function of lay-up angle. The in-plane shear modulus for the
laminate is shown in Figure 5.6.
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Figure 5.3.Calculated linear thermal expansion coefficients for a
cross-ply metal-matrix laminate as a function of lay-up
angle.
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Figure 5.4. Calculated elastic (Young's) moduli for a metal-matrix
laminate as a function of lay-up angle.
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Fiqure 5.5. Two calculated Poisson's ratios for a metal-matrix
laminate as a function of lay-up angle.
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6. TRANSVERSE ELASTIC PROPERTIES OF A UNIDIRECTIONALLY
REINFORCED COMPUSITE AND THE PRUFC CODE

In a recent r‘eport,[z‘I Hashin and Humphreys preseut
numerical results for a typical graphite/aluminum composite as
calculated using a finite-elemerit code (ANSYS) to determine tne
stress-strain state in the unit cell of a model in which the fibers
are arranged in a perfect hexagonal array. The advantage of their
method is tnat it is expected to give a very accurate representation
of tne behavior of a composite in terms of the properties of the
fiber and matrix components. The disadvantage is, as stated in the
report, "The ANSYS computer code, ..., is very expensive to run for
sucn cases." Consequently, it is of interest to compare these
finite element results with those obtained with PRUFC[3] and the
S-CUBED plastic-flow code,[1]
the concentric-cylinder approximation.

which are inexpensive to run but use

We present first a comparison of calculated elastic properties
of a graphite/aluminum composite as obtained from the properties of
the constituents. In the example given in Ref. 2, the properties of
the fiber and aluminum matrix are as given in Table 6.1.

A comparison of tne composite parameters as calculated with
PRUFC and those calculated by Hashin and Humphreys for a 30 percent
by volume of fipers is given in Table 6.2 below. Also given are
values obtained from the "Composite Cylinder Assemblage" (CCA) model
of a composite (Hashin, Ref. 8).

Tne only significant differences are in the transverse proper-
ties Ey, Gy, and VIT (only two of which are independent, be-
cause of tne transverse isotropy). Not all the transverse pro-
perties differ, however. If one considers the transverse bulk
modulus k wnose reciprocal is given by

, 2
1 2y L-vpp 2vpg
K= °2|-¥T - T , (6.1)
0 T A
o =0 y° o g € T g ,
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TABLE 6.1

CUNSTITUENT PRIOPERTIES FOR A GRAPHITE/ALUMINJM COMPOSITE

94

Elastic T-50 Graphite 2024-T4 Al
Constant Fiber Matrix
EA(GPa) 388.2 72.4
ET(GPa) 7.6 72.4
GAT(&Pa) 14.9 27.2
GTT(GPa) 2.6 27.2
vAT* 0.41 0.33
vTTo 1 0.45 ; 0.33 5
aA( ¢ ) -0.68 x 10~ 22.5 x 107
ar(7c7h) 9.74 x 107° 22.5 x 107°
A = Axial (Lonygitudinal)
T = Transverse
*Tnis Poisson's ratio is tne transverse contraction for an
stress.
TABLE 6.2
CALCULATED PROPERTIES FOR A GRAPHITE/ALUMINUM COMPOSITE
(30 Percent by Volume of Fibers)
Elastic PRUFC Finite-Element CCA
Constant Method
EA(GPa) 167.18 167.14* --
ET(GPa) 33.06 42.26 41,78
&TT(GPa) 10.86 15.13 14,99
&AT(JPa) 22.82 23.20 22.87
VT 0.522 0.39%0 0.394
VAT 0.338 0.340 0.338
ap(7ch) 6.29 x 107° 6.36 x 107° 6.36 x 107°
ar(7c7h) 25.65 x 10°°  25.69 x 10°®  25.65 x 107°
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the values as obtained by the PRUFC code and the finite element
method are, respectively,

Kk
k

38.19 GPa (PRUFC)
38.73 GPa (F.E.) ,

a good agreement. The difficulty is that the concentric-cylinder
approximation to a composite does not provide a unique definition of
tne transverse siiear modulus.

In the PRUFC code as documented in Ref. 3, the transverse
shear modulus is obtained from a consideration of the deformation of
concentric cylinders subjected to a stress field at its outer
surface the same as that acting on a fictitious cylindrical surface
in a nomogeneous material subjected to tne stress field

Ox = cyy =0y = const.

(see Appendix B of Reference 9). For the fictitious, homogeneous
cylinder, of course, the resulting strain will be uniform throughout
its volume and is related to the stress field by

= 2G (6.2)

TT®xx °*
involving only tne transverse shear modulus, GTT' For the concen-
tric cylinder, however, for which an exact solution of the equations
(9] the effective strain sx/x {see
Figure 6.1) at the outer surface will, in general, no longer be

of elasticity 1is available,

constant put will vary witnh tne angle e. In fact, for some com-
binations of properties and fiber volume fractions, the effective
strain sx/x may go from positive to negative as e > 90 degrees.
Thus, if the relation (6.2) above is used to obtain the shear
modulus from tne concentric-cylinder model, the value of ¢ used

XX
must be some sort of average. The same problem of nonuniqueness
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|

Figure 6.1 Concentric cylinder geometry.
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occurs with Hasnin's CCA mode],[8] the value for the transverse
snear modulus quoted in Table 6.2 being the greater of calculated
upper and lower bounds (see page 295 of Reference 8).

In the original version of PRUFC, a volume weighted average

was used for €y x in Eq. (6.2) to obtain the transverse shear

modulus, i.e.,

"2
- 4 38X
EXX = =5 / (;—) xdy , (6.3) .
1”‘2
0
X being tne displacement at the outer surface r = roe. This

procedure results in the values for the transverse properties given
in Taole 6.2. Since the transverse shear modulus obtained in this
manner 1is significantly below that as calculated by the finite-
element metnod, which is presumably the better value, several other
averaging alternatives have been examined. Results are given in
Figure 6.2, where the shear modulus is plotted versus fiber volume

fraction.
The use of
- 8X .
€xx T (Y_) e =0 (6.4)

results in a decrease in tne calculated shear modulus relative to
the volume weighted average (6.3), and a greater discrepancy with
Hashin and Humphrey's result for the 30 percent composite. A closer
agreement with the finite element result is obtained if one uses the
linedar averaye

- 1 5X
cxsz; j;—dy R (6.5)
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30 -

1 i i j i

@ Ffinite element result

<:> Exx (6x/x)5=0, Eq. (6.4)

<:> Volume-weighted average, Eq. (6.3)
<:> Linear Average, Eq. (6.5)

@) ¢, = (63/x)y_g50. Ea. (6:6)

g
A

p—

[

<

0
0

Figure 6.2.

0.5 1.0
FIBER VOLUME FRACTION

PRUFC results for the transverse shear modulus of a
graphite/aluminum composite as a function of fiber volume
fraction for various possible averaging procedures using
stress boundary conditions. Also showE js the finite-
element result of Hashin and Humphreys 21 for 30 percent

by volume of fibers.
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but the PRUFC calculation is still low. Finally, the use of

- §X
€xx T (I—)e=45° (6.6)

in Ey.(6.2) results in a PRUFC shear modulus greater than that
obtained with the finite element method. The use of (&x/x) at 45°
suggests itself Decause this is also the value of

£ - )

wiicn turns out to be independent of e. Calculated results for
Yy and e, using the various values of € are given in
Figures 6.3 and 6.4.

An alternative approach is to specify the displacement on the
outer surface of the concentric cylinder model and to solve the
equations of elasticity for the resulting stress field. As outlined

in Ref. 9, the radial and hoop displacements are of the form

U (v ey = ! (r) cos2e (6.7)
V(“)(r,e) - v{9(r) sinze , (6.8)

and the condition now that the displacements on the outer surface,

sx _ _ 8y _ -
x ="y =% °" constant (6.9)

be the same as tnat on a cylindrical surface within a homogeneous

material subjected to the uniform strain field exx = “Syy =

£g is satisfied by requiring that
(2) (2)
vEr,) = - ut i) (6.10)

The stress boundary conditions (B.9) and (B.10) of Ref. 9 are
replaced by
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0.2} @® finite element result —

(:) €xx = (6x/x)e=o, Eq.(6.4)

@ Volume-weighted average, Eq. (6.3)

@ Linear Average, £q. (6.5)

<:> Sy = (8%/¥)g_ 450> EG. (6.6)
0,0 | | | | ) . | ( '
0 0.5 -

FIBER VOLUME FRACTION

Figure 6.3. PRUFC resuits for the transverse Poisson's ratio of a graphite/
aluminum composite as a function of fiber volume fraction for
various possible averaging procedures using stress boundary
conditions. E\ 50 shown is the finite-element result of Hashin
and Humphreysl2] for 30 percent by volume of fibers.
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@ Ffinite element result
80 p— ——
@ €y = (5%/x)g s Ec.(6.4)
<€> Yolume-weightad average, 27.(6.3)
70 N (:) Linear Average, EqG. (6.5) _
@ Cx = (SX/X)5=450, Eq.(6.6)
60 | -
50 - —_
= 40} -]
[~
2
[
Ll
0 |- (o _
20 -]
10 1= © =
0 L | | ! f i i } !
v Q.g 1.0

FIBER VOLUME FRACTION

Figure 6.4. PRUFC results for the transverse elastic modulus of a graphite/
aluminum composite as a function of fiber volume fraction for
various possible averaging procedures using stress boundary
conditions. e 0 shown is the finite-element result of Hashin
and Humphreys for 30 percent by volume of fibers.
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(2)
u (rz) (6.11)

EO ?

v‘z’(rz) (6.12)

-EO s

the other conditions, (B.5) - (B.8) remaining the same. Equations
(6.11) and (6.12) follow from the relations for the cartesian
components of displacement in terms of the radial and hoop

components,
6x = ulr) cos2e cose - v(r) sin2e sine (6.13)
8y = ulr) cos2e sine * v(r) sin2e cose . (6.14)

As before, the boundary conditions lead to a set of six linear
equations for the coefficients of the elastic solutions, Eqs.(B.27)
of Ref. 9, the bottom two rows of the matrix K being replaced by

Kgy = 1, Kgp =1, Kgz3=1,
Kgg = 1, Kgg =0, Kgg =0,
(2)
1 (3+4q'"%)
K61 = —1, K62 = - -2-—-];-(-2-)-——- ’ (6.15)
1 (2)
K61=-7(1-n ), K64=1:
Kes = 0» Kgg =0

wnere the applied strain and outer radius have been normalized to
e =1, ro = 1. The coefficient K23 as given in Ref. 9 1is in
error. It should be

K., = -

1 (2)
23 = -7 -0

1
1

From Eq. (8.13) of Ref. 9, the radial stress at the surface of the
outer snell is given by
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o2 (1,0)

and from (B.15)

of‘g)(l,e)

(Actually, the
strain, o/eo).
modulus will be

o . = 2G

XX TT®0

where o i
ere Syx is

arriving at an

.. (2), (2)-
= ¢] ‘A2 + 382 - Cz.- 302) - Cl2 1 cos 2e (6.16)
= rro co0s2eo

the shear stress is

(2)
cl2) l:- A, - %i‘li’-(%)—-—) B, (6.17)

66 2

+

,} (1 - nm)a2 - 3, - 1:| sin2e

in2e
oprgo 5!

abuve quantities are stresses per unit of applied
As in Eq. (6.2) above, the transverse shear
ootained from the relation

(6.18)

some sort of average at the outer surface. In
average, we consider tne x-component of the surface

traction rather tnan oxx(r,e) itself. In general, the force per

Jdnit area on a

- ¥

>
>
/\ .

= n o4

and for the cyl

9
A
=TI
f rr

surface with normnal unit vector n is given by

, (6.19)

. . A N
indrical surface n = r so that

(6.20)

+
Oare 5

and the x-component is

fx = 9perC

(Note tnat %

projected area

0se - g, sine (6.21)

itself also depends upon °ee)' The stress per

perpendicular to tne x-axis is
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*x _ de
fy = fxr2<ay (6.22)

and tne linear average is then given by

1
G;X = ?} = J,.(arrcose - O sine) %3 dy , (6.23)
0

since ry = 1, and the result is

- 1 2
9% = 3 %ro "~ T %reo (6.24)

where ¢ and g0 27€ defined by (6.16) and (6.17).

rro 80

A comparison of the calculated transverse shear modulus using
the linear-average, displacement boundary conditions with that from
the linear-average, stress boundary conditions is given in Figure
6.5. Also plotted is the arithmetic mean of the two shear moduli,
wnicn altnougn still hiyn with respect to the finite element result

appears to be the most plausible way to obtain the transverse
properties using tne concentric-cylinder approximation, and the

PRUFC code has been revised accordingly. A comparison of results
for the 30 percent composite using the revised PRUFC code witn those
obtained by the finite-element method is given in Table 6.3.

Hashin and Humphreystz]
a thermal process in which the yield strength of the aluminum matrix

also present calculated results for

material in a 30 percent composite is exceeded. Tne yield-strength
model they used is given as Figure 6.6, which is reproduced from
Ref. 2. This isotrfpjc hardening model was used in the S-CUBED
1

residual stress code along with the fiber and matrix properties
as given in Table 6.1, and two of the calculations were repeated.
Figure 6.7 gives the axial strain as cdlculated with the S-CUBED
model[lJ for a 30 percent composite, initially stress free at
371°C, as it is cooled to room temperature and reheated. Using the

isotropic hardening model of Figure 6.6, the matrix first reaches
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30 -

20 -

GTT (GPa)

10 -

@ Finite element result

<:> Displacement B,C., Eas.(6.18) and (6
<:> Arith. Mean, ((E) + (:))/2

(:) Stress B.C., £0s.(6.2) and (6.5)

1 !

.24)

1.0

Fiqure 6.5.

Q.5
FIBER JOLUME FRACTICN

Comparison of the transverse shear modulus for a grapnhite/

aluminum composite as calculated with displacement boundary
Also shown is the

conditions and stress boundary conditions.

finite element result of Hashin and Humphreys.[2
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the yield surface at ~142°C. Upon reheating from room temperature,
the matrix immediately falls off the yield surface and does not
TABLE 6.3
CALCULATED PROPERTIES USING THE REVISED PRUFC* CODE

FOR A GRAPHITE/ALUMINUM COMPQSITE
(30 percent by volume of fibers).

tlastic PRUFC* Finite-Element
constant Method
EA(GPa) 167.18 167.14
ET(GPa) 45,22 42.26
GTT(dPa) 16.80 15,13
&AT(GPa) 22.82 23.20

VT 0.346 0.396

VAT 0.338 0.340
ay("c7h) 6.29 x 1078 6.36 x 10°°
ar(°c7h) 25.65 x 10°° 25,69 x 1070

*Revised as per above.

reacn it again until about 350°C. The initial segment from 371°C to
142°C is snown as dashed because the present version of the S-CUBED
code does not produce output for this interval. The results for the
same process obtained by Hashin and Humphreystz] using the finite
element method and ANSYS code are given in Figure 6.8. The agree-
ment between the two types of calculation appears to be quite

satisfactory.

Calculated results for the transverse strain for the same
tnermal cycle are given in Figures 6.9 and 6.10. Again the
agreement is quite satisfactory. We conclude tnat, when their use
is appropriate, the revised S-CUBED PRUFC code and concentric-cylin-
der residual-stress model(l) will give results for metal-matrix
composites whicn are as satisfactory as those obtained with the more
complex finite element metnod.

108




*£°9 a4nbL4 y3tm auaedwo)
-le33W B JO ULBU}S |BLXP 3yl 404 3|NSad SASuydwny pue ULYyseH ‘8°9 dunbiy

00y 14€

05¢€ 00¢

*Z " 49y WoJj paodnpoddad 3315ndwod xl.djew

Jo v 1
042 002 0st 0ot 0s N0

0°0
M
>
-t ~.O|
uo112941(Q
butpeoq
buruspaey ____ 1,.
JLjewBu Ly ¢ 0-
buLuaparey : Jl
21d0430S] % 0t = A
$202/054

£°0-

109




)

*01°9 94nbL4 ul uaALb sue
poyjow Juswd|d 33Luly e Bulsn ssadoud awes ayz 404 SI|NSAY "I, LLE 2©
930}S I44-SS343S [BLILUL Ue WOAJ Pa|00d 331s0dwOd X{djew-|e3aw e 404
|9pow SS3JAIS |enpLsaJd gIgNI-S By YILM pIIBR|NO[eD SP ULPA]S 3SUDASURA]

(D0)1

"6°9 aunbiy

13 0t 09¢ 002 gl Q04
A/b_ . ! ! ] |
/

_ov

00

b-0-

8°0-

0°L-

110




"6°9 d4nbL4

U3LMm auedwo) g 49y wouj padnpoadsda €33150dwod Xtiajeuw-|elau
© JO ULBU]S ISUSASURUY BY] 40) 3| NSd4 s, A3ayduny pue utyseq -QL'9 d4nbl4

U: Y .P
00y 14€ 0G€E 00¢ 062 002 0§61 001 09 M 0
] f T T Y 00
-1 2°0-
— Q.O.. i3
e

uoiL3oa4atq
buipeoq

butuaparey
JLjewau Ly
butuapaey
21dosjosg

3°

% 0€ = A

¥202/051

o°t-

[RE




(This Page Left Blank)

112




7. THERMAL DEFORMATIONS AND STRESSES
IN AN ELASTIC PLATE UNDER AN
ARBITRARY TEMPERATURE DISTRIBUTION

Tne material in this section has previously been submitted as
a Progress Report to the Defense Supply Service (Ref. 10). It is
reproduced here since it might prove useful in computing the per-
manent bending deformations of a metal-matrix composite under X-ray
energy deposition.

Tne metnod of separation of variables is used to obtain the
elastic displacements in a two-dimensional plate subject to an
arbitrary transverse temperature distribution. The geometry is

illustrated below: X
A

(xgs Z4)

/

The plate, of widtn 2x0 and length Zzo, is assumed to be aniso-
tropic-transversely isotropic with the xy plane being the plane of
isotropy. The stresses are then given by

3u1 302 3U3

% = G113 G2 v G133z - T

%y =C12—:-;-1-+ Cll;;é+ C13;;§-- 1, T(x) (7.1)
922 = C13 ;‘l‘ *C3 ;;é * L33 :‘? - 3T

%2x T C44(:z£ * 7:';3)
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where u;, u,, uj are the displacements in the x, y, and z
directions, T(x) is the applied temperature distribution, and Yi»
vy are the stress-temperature coupling coefficients, which are
given in terms of the linear expansion coefficients Bys 83 by

~

(Cyp * Cypd 8y * Cy383

Y1
(7.2)
2C

Y3 1381 * 3383

With appropriate cnanyes, as indicated below, the method pre-
sented here could be adapted to an isotropic plate.

In the case of plane strain, Sy = 0, tne two-dimensional

problem of interest here is

aul 3u3
ox = C11 3% " Ciz sz - v T
. aul 3U3
I,p = (.13 T + C33 352 "3 T(x) (7.3)

au au
1 3
Ix = Cag4 (az Y 3% )

Tne above relations are also valid for the case of plane stress,

Iy = U, provided that the actual elastic constants are replaced by
2
Cim Gy -2 o, o 23
11 11 EII * 713 13 Cll
(7.4)

o8 c
c S £ 12
33> 33 t—u » M1 t“ll

i3
73" Y3 - C'II Yl

The equations for elastic equiliorium,
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3oxx . acxz o
X dz (7.5)
aozz . aaxz 0
Y3 ax
become wich the use of (7.3)
azu azu azu
C 1 + C 1 + (C +C ) ___..3 - ﬂ
11 “—Zax 44 _732 13 44’ 3xaz T Y1 ax
(7.6)
2 2 2

3U3

9 U aul

3 ~ ~
C33 2 Cag il (C13 * Cgq) 557 = 0

In tne next two sections, we outline the solution of the set
(7.6) subject to the condition that the shear and
stresses vanish at the surface of tne plate.
itself the numerical evaluation, however, is
approximate in the sense tnat the Fourier coefficients are obtained
from the solution of a system of coupled equations of the form

of equations

nonnal The formal

solution is exact;

C

m=%" :;: bmn A1n

fn Y ; gnm Clm ’

(7.7)
A

in

where Aln and Clm are the desired expansion coefficients, and

n’ bmn’ 9nm Thus,

erations limit one to the use of a few nundred terms.

a, f are constants. computational consid-

In Section 7.1 we outline the solution for an applied tempera-
ture distribution which is an odd function of x, and in Section 7.2
the solution appropriate for an even function. The displacements
corresponding to an arbitrary temperature function are obtained from
a superposition of the two solutions.
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Numerical results are presented in Section 7.3. In parti-
cular, we present calculated shear strains for a discontinuous
applied temperature distripbution of the form

0 , Xy < X < 0.8 x

T(x) =
1, 0.8xo_5 X <X

0
0

Tnis problem is matnematically equivalent to the uniform heating of
two bDonded plates which have the same elastic constants but
different coefficients of tnermal expansion.

7.1 0DD TEMPERATURE FUNCTION

This part of the solution has been reported in Reference
9, but in order that this report be self-contained, is repeated
nere., For an odd temperature distribution, the appropriate combina-
tion of functions to represent the elastic displacements is

ul(x,z) = :;: Bn(x) cos kz + };: Dm(z) cos jx
(7.9)
uj(x,z) = :;: An(x) sin kz + :;: Cm(z) sin jx
where

kK=(n+2) =% ,n=0,1,?2

= 2‘ zo ’ = ’ > 9 oo
. 1 ¥ (7.10)
J:(In"'z-)i—(; , m=0, l, 2, cee

and A (x) and C_(z) are odd functions of their respective vari-
anoles, and Bn(x) and Dm(z) are even functions. The functions
A (x), B (x), C(z) and D,(z) are subject to the following
constraints as determined from the boundary conditions:

1) Zero shear stress along (xo,z)

AB(XO) - an(xo) = 0 (7.11)
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2) Zero shear stress along (x,zo)

X
(Y
jCylzg) * 0i(z) = - 5 D (-1)"/ [AL(x)
0

o n

- an(x)] cosjxdx (7.12)

3) Zero normal stress along (xo,z)

Z

1 2 m
kAn(xo) + Clan(xo) = -3 Z (-1) /‘0[ 13bm(z)

(o] m 9

Jclle(zﬂ cos kzdz * ;3 T(x,) L—,1(-)——(7.13)
0

4) Zero nommal stress along (x,zo)

X

2 ..
Cay m(z ) - Cy30, (z ) = i- 3 ] T(x) sin jxdx (7.14)
0
The differential equations for An(x), B (x), Cal2)s
Dm(z) are obtained from a substitution of equations (7.9) into
equations (7.6). The resulting equations for An(x) and Bn(x) are

~ i 2 ~ ] -
“44An (x) - C33k An(x) - (°l3 + C44) an(X) =0
2 (7.15)
L.lan (x) - C44k Bn(x) + (t.l3 + C44) kAn(x) =0
and for Cm(z) and Dm(z) are
~ ~11 -2 ~ : ) -
Ca30p' (20 - CagdCrlz) - (C)3 * Cgy) J04(2) = 0
~ i1 02 -~ - 1
CqqD (z) - CllJ Dm(z) + (C13 + L44) JCm(z) (7.16)

X

2 ol
1 ] ™ cos jxdx .
° 0
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The appropriate solutions are

sinh{a kx) s1nh(a2kx)
An(X) = ln osn(a kX S * 2n osnIaZE o)
(7.17)
cosh(alkx) cosn(a kx)
Bn(X) = Alnsl cosﬁ(alixo) Aond2 osﬁ(a kX )
and
sinn(blj2) sinh(szz)
Cm(Z) = C1n cosh(oljzo) * Cop cosﬁ(EZJzoi
(7.18)

cosh(lez) cosh(szz)

Dm(Z) lm lc osﬁ(Blaz ) ¥ CZm 2 c osh(Bsz )

X
2 " aT

- '—""_Z i cos jxdx ,
C1d
0
where Aln’ AZn’ Clm’ CZm are constant expansion coefficients

to be determined from the poundary conditions (7.11 - /.14). The
hyperbolic cosines in the denominators were factored out to facili-
tate tne avoidance of overflow during numerical evaluation. The
quantities a;, a, are the positive roots of the equation

¢, C

2 .2
11 44a = (€033 - 20130y - Cy3)a” * Ca3C4, =0 (7.19)

with
(C,.a% - ¢

S. 44 i 33)
17 T8 5 ¥ C4q) 9

i=1,2

and bl’ b2 are the positive roots of

C..C - (C

33 44 - 20,5C

11633 - 281 3C4q - €107+ Ty yCpy = 0 (7.20)

with

118




note that in the limit of isotropy, equation (7.19) has only one

positive root, a2 = 1, and the solution for An(x) becomes a
linear combination of sinh(kx) and x cosh(kx).

Substitution of (7.17) and (7.18) into the boundary conditions
(7.11 - 7.14) yields the following equations for the expansion
coefficients,

1) Zero shear stress along (xo,z)

2) Zero shear stress along (x,zo)

Clm(l + Rlbl) tanh (bljzo) + CZm(l + szz) tanh (szlo)

s (7.2§)
a, - -
- - 7% (-1)" Zn: (-1)" [Aln ?}T.:{i_z 'y, 7%5,2?-_}
3) Zero nomal stress along (xo,z)
Ain(Crs3 * ©14S12y) tanh (ajkx )
* Ay (C;3 * Cyy55a,) tanh (ajkx ) (7.23)
2 Y e j[lm C1381Cky ‘°13°2'C1%R2}
0 m k2+b2 2 k2 + ngZ

In arriving at (7.23) from (7.13), use has been made of the fact
that T(x) is an odd function and that

X

T(x,) = = 2, (-0)" /p T(x) sin jxdx

o m 0
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4) Llero normal stress along (x,z )

1m (€33P1 - Cp3Rp) * ConlCasby - CyaRy)
(7.24)
X
.2 /Y - “13 l> f T(x) sin jxdx
xo 3 l-C—l_l J 0]
From (7.24)
X
1 (4]
Com = - QWCin * O 3—/ T(x) sinjxdx (7.25)
0
where
s - v ;u)
3° ]
4= - 11 (7.26)
0 ("ubz - C13"2)
3391~ “13R;
Q= (7.27)
27 Lyhy - 43Ry

Note that Q1 apove is defined differently than in Reference 9.
From (7.21)

AZn = - Q3Aln (7.28)
-3
Q3 = Ed—_—gz (7.29)

Substitution of (7.25) and (7.23) into (7.22) and (7.23) gives two
sets of coupled equations for the crefficicnts A1n and Clm’

X

. 1 .. .
“l-nQSm = - Ql Il;/Q T(x) sinjxdx ](1 + R b ) tanh (bzazo)

0
(7.30)
- S a, - S
2 m n,| % 21 2 " 22
- £ (-1) Z (D" k| 5y - Y 7 | A
X0 n [j +alk 3j +a2k‘“
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X
m j:)T(x) sinjxdx

YIRS >
Atndan = - Z_ (-1)7Q; (T 3b,-C14R,) a (-1) 77

kK +b,j
2 ( 1)n z (<1)™ j C13b1-C11R1
- —Zo - m - J .__2_7_2—.

2

k *blj
C;4D,-C. 4R
1372771172
-9 C, : (7.31)
2 T2 } 1m ~
where
U5y = (1+R1b1) tanh (bljzo) - Q2(1+R2b2) tanh (szzo) , (7.32)
04n = (313*°1151a1’ tann (alkxo) - 03(C13+01152a2) tanh (azkxo).
(7.33)
The coupled sets of equations (7.30) and (7.31) are of the form
Clm =ay Zn: bmnAln
(7.34)
Aln = fn * z: gnmclm

m

wnicn can pe solved with the following iteration procedure:

-(0)

“ln = “m

(1) (0)
An = fn? Z 95 1m

mn

(1) (1)
‘i =% " Z bmnAln

n
(2) (1)
Aln =fn? % 9nCln > €tc-
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7.2 EVEN TEMPERATURE FUNCTION

For an even temperature distribution, the appropriate combina-
tion of functions for the displacements {is

uy(x,2) = 2 8*(x) coskz * Z D*(z) sinjx
n m
uj(x,z) =Zn: A;(x) sinkz + ; C;‘](z) cosjx ,

where as before,

(7.36)

L]
o
—
L
N

1, =
k:(ﬂ*z-)—z-;, n

"
o
-

—
-

N
w

j=(m*%—):—- s M
()

amd B*n(x) and C*m(z) are odd functions of their respective
variablez, and A*n(x) and D*m(z) are even functions. The
poundary conditions impose tne following constraints:

1) Zero shear stress along (xo,z)
z
' 2 R . ! ]  nkzd
A (x ) - kBX(x ) - =~ E (-1) f[Jcm(z) - D*!(z)| sinkzdz
o 'm 0
(7.36)

2) Zero shear stress along (x,zo)

X
jeHz) - ox(z) = 22 Zn: (-l)"/q[A;'(x) - kB;(x)] s1njxdx
0

0
(7.37)
3) Zero nomal stress along (xo,z)
CokARx )+ CoBR (x ) = 2y Tix =0 (7.38)
13%n' %0 11°n o'onl 0 K :
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4) Zero normal stress along (x,zo)

X
. 0
C33C;'(z°) + Cl3j Da(zo) = ;% Y3 J{.T(X) cosjxdx (7.39)

The equations (7.6) for elastic equilibrium are unchanged, as
are tne equations (7.15) for A*n(x) and B*n(x). The equations
for C* (2) and D*m(z) become

C*ll(z)

2. o
C33C5 Caqd Cplz) * (Cy3 * Cyy) DT (2) =

Clljzog(z) - (Cy3* Cpy) 3T (2)

7— ylf —-stxdx

The functions A;(x) and B*(x) are now

cosh (alkx) cosh (azkx)
* -
An(x’ = cosh (a E ) 2n cosh (a2kx )
sinh (alkx) sinh (azkx) (7.40)
*x - *
Bn(X) = Alnsl cosh (alﬁxo) AZnSZ cosh (a kx )
. 4 *
and Lm(l) and Dm(z) become
sinh (b,jz) sinh (b,jz)
C*(z) = C* 1 2
m ~ Ylm cosh (b Jz‘7' 2m cosh (b JZ )
cosh (leZ) cosh (bzaz) (7.41)
* - * *
Dm(Z) = Clle cosh (5132 ) * 03 mRZ cosh (szzo)

2 1 1 % o1 ..
T X t——— 7 f -a—x sinjxdx
o 11 0
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The quantities a;, a, are the positive roots of
G, Cana® = (CqiCra = 2Ci-Caq - C22) a% * Coalyy = O
11733 11733 13-44 13 33744 ©
witn

2 ,

ic (Cid + C44)ai ’

S i=1,2 (7.42)

tne same as for the odd temperature function; and bl’ b2 are the
positive roots of

) 4 . 2 .2
C33CqqP = (CqqC33 - 209304 - Cy3ib™ * CpiCyp = 0
but now
2
(C,,bs - C ,)
R = 3371 44 i=1,2 . (7.43)

(C13 7 Laqloy 7
Tne boundary conditions give the following relations for the

expansion coefficients,

1) Zero shear stress along (xo,z)

AIn(al-Sl) tanh (alkxo) + Agn(az-sz) tanh (azkxo)

(7.44)
Tz K -+ 2..2.2 1m 2..2:2 2m
0 m k +le Kk +b23
2) Zero snear stress along (x,zo)
Cfm(l'RIbl) tanh (bljzo) + Cgm(l-REbz) tanh (szzo)
(7.45)
, -S,) a,(a,-S,)
2 (-1)" :E: (1) a;(a;-5, 2(35-5,
T —— -1)k T—-—Z-—T-A* *—7—2—2—, AX
Xo J n JTtagk In JTragk 2n
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3) Zero normal stress along (xoz)

Afn(Ci3 * Cp351a1) * A5 (Cy3 * CyS5a))
(7.46)
2 (-1)"
= ?; T(X ) _-2'—
4) Zero normal stress along (x,zo)
Clm{C33P1C aRT) + C5;(C33bp*Cy 5RY)
(7.47)
Y X v,C X
2 '3 . 2 "“131 T . .
= x—o—j-[ T{x) cos jxdx + 75?1—? X sinjxdx
0
From (7.46),
- QIAL, * O8T(x) (1" (7.48)
An = - UA Z .
with
Q= 15" Cur%%) (7.49)
17 16 5701 15,35)
o ! (7.50)
2 = ZTC ;7C 15,350 :
and from (7.47),
X
T P )
¥ ST, 3 S 3 f T(x) cosjxdx
° (7.51)

X
1 % T L.
"Qg? f %i sinjxdx
0

with
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(C R¥)
33P 1 C13fY
QX = (7.52)
32 105, 75
0 =3 (7.53)
MREN LI '
2v,C
] 1413

Qt = (7.58)
5 7 xgbq1{taPp ¥ Oy RG)

Supstitution into (7.44) and (7.45) yields the following coupled
equations for A*1n and C*lm:

o
Clnd5, = - (1-REb,) tanh (byjz ) {:—} [ T(x) cosjxdx

0 2

+ .5 al & 7.55
-z X sinjxdx (7.55)
J )

+£_(_1;_2_a(a \Q*T(x)
X J Z +32k

a(a ) a,(a,-S,)
2'72 72
) ““""‘ :E: (-1)"% [‘7‘7?7?"' i"7r‘7r7r1 in

A
+a2k J +a2k

A Q5 = - Q3T(X ) (ay-5,) tanh (ajkx ) i_l%__

s

2b,(1-R*b,) n R
— Z et (-112) E (-1" 7‘7"2'1 J'Qz T(x) cosjxdx
0 m K +b2j o

X
+ Q3 ] —g—} sin dex:I (7.56)
0
b, (1-R*b, ) b,(1-R3D,)
L2 (1" oy 2|21 T 2°2
N e L e I v
z, k Zm: KE+b%s 3 K%

126




where

ng (l-R{bl) tann (bljzo) - Qg(l-REbz) tanh (szzo)

(7.57)

in (al-Sl) tanh (alkxo) - Q{(az-sz) tanh (azkxo)
Equations (7.55) and (7.56) are also of the form of (7.34) and can
be solved with the same iteration procedure.

7.3 COMPUTATIONAL RESULTS

In this section we present calculated results for several
discontinuous temperature distributions. The input, plane-stress
elastic constants, tne same as those used for the calculations
reported in Reference 9, are appropriate to a 50 percent aluminum-
graphite composite,

C,y = 3.187 Msi

3 = L.18Msi

Cj; - 55.401 Msi

Gy = 32BMsi
v, = 5.033x 107 Msi/F
yg = 3.705 x 107° Msi/°F.

Tne tnermal expansion coefficients are

15.705 x 107% °f-1

0.352 x 1070 °f-1

By
B3

and the length to width ratio is 10,

X = 1
Zo = 10

Figure 7.1 is a plot of the shear strain as a function of 2z
along x = 0 for the odd temperature distribution
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- X
, o_<_x<0

Tl(X) = (7.58)

<+

'
Nl— N

» 0<x< X
Tne solid line indicates the shear strain as calculated with 200
coefficients, and the dots indicate selected values as calculated
with 100 coefficients. The numerical results give no indication of
a singularity in the stress field; and, indeed, from Bogy's work on
wedges (Reference 11), one would not expect one.

Figure 7.2 shows the results of two calculations for the shear
strain as a function of z along x = 0.8 x_ for the odd and even

0
temperature distributions.
-1 - X <x<-0.8x
Z 0 7 %o
Tz(x) = o, -0.8 Xg < X < +0.8 Xo (7.59)
21 0.8 x_ <x <X
2 *~ %o 0
and
+ 1 0.8
Z,'x0<x<‘ X
T3(x) = o, -0.8 Xy < X <t 0.8 x, (7.60)
+ 1 0.8 x_ <X <x
2 * 0 o

The shape of the curve corresponding to the even temperature
distribution T,(x) was unexpected, but so far no algebraic or
coding errors have been found. In any case, it has been verified
that the longitudinal force at z = U,

X

Jlo g (x,0)dx ,
0. 2z

8 Xo
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balances that of the shear stress,
z

/p .2 (0.8 xo,z)dz .

0

A plot of the longitudinal strain ¢

2z 35 2 function of z

along x = 0.8 Xy corresponding to the temperature distributions

Tz(x) and T3(x), is given as Figure 7.3.
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8. SUMMARY AND CONCLUSIONS

For G/Al1 where the matrix is in a T4 temper (rapid quench to
-240°F):

Axial stresses in the aluminum at room temperature are tensile
and lie in the range 30 to 40 ksi.

Subsequent reheating will lower the axial stress, and the
matrix will remain elastic up to a temperature of approxi-
mately 600°F, at which point the axial stress will have become
compressive,

Residual hoop stresses in the matrix are tensile and range
from approximately 10 to 20 ksi for all cases in which the
fioers' transverse coefficient of thermal expansion remains
less than or equal to that of the matrix.

The interfacial radial stress is compressive and ranges from 2
to 10 ksi so long as the fibers' transverse coefficient of
thermal expansion does not exceed that of the matrix. This
would appear to be a most desirable result in maintaining the
integrity of these materials, since they are currentiy limited
by their apility to bear significant radial tensile stresses
across this interface.

For G/Al where the matrix is in a TO teaper (slow quench to
-240°F), tne axial residual stresses dre near zero at room
temperature.

For G/A1 in the T4 temper, a reductior of approximately 5 to

10 ksi in the room temperature axial residual stress could be
expected if the composite was quenched to -320°F.
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For the W/Al and SiC/Al1 composites, residual stress results
are qualitatively similar to those of G/Al of equivalent
temper.

Calculated axial stress strain behavior of SiC/Al using a
yielded matrix material 1in the TJ <‘emper condition is in
re-sonable agreement with experimental data up to 200 ksi.

For a three-layer laminate of G/Al, minimum longitudinal
coefficient of thermal expansion occurs at a ply angle of
approximately 20 degrees (i.e., 20/0/20).

PRUFC yields G/A1 thermoelastic properties in good agreement
with those reported by Hashin and Humphries who used a finite
element analysis (Ref.2 ).

The S-C'BED residual stress code yields results for G/Al which

are in good agreement with the ANSYS finite element results
reported by Hashin and Humphries (Ref. 2).
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APPENDIX A
ALUMINUM PROPERTIES

Themmoelastic properties and yield-strength models for 6061
and 2024 aluminum alloys are summarized below.

A.l 6061 ALUMINUM

For the 6061 aluminum matrix, the elastic modulus was input as
a function of temperature, linear interpolation being used between
tne following tabular points,in Table Al:

TABLE Al
ELASTIC MODULUS FOR 6061 ALUMINUM

T(°F) E(Msi)
-459 11.8
75 10.0
240 9.8
400 9.0
600 7.0
1100 0.0

The Poisson's ratio was also allowed to vary with temperature
according to

v = 0.5 - £/58.823 (A.1)

where E is the elastic modulus in Msi as computed from the table
above. The thermal expansion coefficient for tne aluminum matrix
was taken to be temperature dependent according to the tabulated
points in Taole A2:
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TABLE A2
LINEAR COEFFICIENT OF THERMAL EXPANSION FOR
Al 6061 AND Al 2024

T(°F) a(1079°F1)
- 400 0
- 300 5
- 200 9
0 12
1100 18.5

Residual stress calculations were done witn two different
yield strength models. A model appropriate to 6061 Al in the
annealed state, or T0 temper, 1is depicted in Figure Al. The
room-temperature yield stress at 0.2 percent offset if 8 ksi in
accord witn Ref. 12 (the elastic modulus at room temperature is
taken as 10 Msi). A yield model appropriate to 6061 Al in the T4
temper (rapid quencning) is shown in Figure A2. Here the yield
stress at room temperature at the 0.2 percent offset point is 21
ksi, as given in Ref., 12. Tne shapes of the room-temperature
stress-strain curves for both tempers were scaled from that for Al
201 in tne O temper, for whicn experimental data were available (see
p. 25 of Ref. 1). The variation of yield stress with temperature is
scaled proportionately to that of other aluminums (see, for example,
Ref. 13).

A.2 2024 ALUMINUM

For tne 2024 aluminum matrix, the elastic modulus as a func-
tion of temperature was given by the tabulated points in Table A3:
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TABLE A3
ELASTIC MODULUS FOR 2024 ALUMINUM

T(°F) E(Msi)

- 459 12.39

75 10.5

240 10.29

400 9.45

600 7.35
1100 0

The Poisson's ratio was allowed to vary with temperature
according to

v = 0.5 - E/61.765 , (A.2)

where E is the elastic modulus in Msi from Table A3. The thermal
expansion coefficient was taken to pe the same as tnat for Al 6061
as given in Table AZ.

The yield stress model for the TO (annealed) and T4 tempers
are shown in Figures A3 and A4.
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Figure A.3. Yield stress model for 2024 aluminum in the TO temper (annealed).
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‘igure A.4. Yield stress model for 2024 aluminum in the T4 temper.
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APPENDIX B
LAMINATE CODE

A description is given nere of the code constructed at S-CUBED
for calculating the thermoelastic properties of a cross-plied
laminate wnose individual plies may be anisotropic-transversely
isotropic. The input properties may be either the overall elastic
constants and thermal expansion coefficients of each type of ply (up
to three types oriented in three different directions) or the
corresponding quantities for the fiper and matrix constituents in
each type of ply.

The required input deck is described in Section Bl, a sample
output is given in Section B2, and a FORTRAN listing of the code
constitutes Section B3 below.

B.1  INPUT DATA DECK

Any consistent set of units may be used for the input
parameters; the corresponding output will be in the same units.

Input
card Para-
No. Format Columns meter Description
1 I10 1-10 NPROB Number of calculations
2 20A4 1-80 HEADER User's problem descrip-
tion
3 8£10.0 1-10 VFRAC(J) Volume fraction of first
type of ply

11-20 ANGLE(J) Orientation of first
type of ply with respect
to laminate Zz-axis
(degrees) (See discus-
sion below).
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Input
Card Para-
No. Format Columns meter
21-30 TYPE(J)
3A 8E10.0 Ply proper-
ties
1-10 ET(J)
11-20 EA(J)
21-30 NUTT(J)
31-40 NUTA(J)
41-50 GA(J)
51-60 ALFT(J)
61-70 ALFA(J)
3B 8£10.0 Fiber
Properties
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Description

Type of input to follow.
If TYPE>O input for the
individual fiber and

matrix components is
expected (2 additional
cards)

If TYPE<=0, input of
overall ply properties

is required (1 addi-

tional card).

Card 3A is required if
ply properties VFRAC>0
and TYPE<=0. Otherwise
omit.

Transverse elastic modu-
lus for first type of ply

Axial elastic modulus.

Poisson's ratio: trans-
verse contraction,
transverse stress.

Poisson's ratio: trans-
verse contraction, axial
stress.

Inplane shear modulus

Transverse linear coef-
ficient of thermal ex-
pansion

Axial linear coefficient
of thermal expansion.

Cards 3B and 3C are re-
quired if VFRAC>0 and
TYPE>O. Otherwise omit.




Input

Card Para-
No. Format Columns meter

1-10 ETF(J)

11-20 EAF(J)

21-30 NUTTF(J)

31-40 NUTAF (J)

41-50 GAF (J)

51-60 ALFTF(J)

61-70 .ALFAF(J)

71-80 VF(J)

3C 8£10.0 Matrix

The sets of data cards 2, 3, ...

Description

Transverse elastic modu-
lus of fiber in first

ply.

Axial elastic modulus of
fiber,

Transverse-transverse
Poisson's ratio.

Poisson's ratio: trans-
verse contraction, axial
stress.

Transverse-axial shear
modulus for fiber,

Transverse linear coef-
ficient of thermal
expansion.

Axial linear ccefficient
of thermal expansion.

Fiber volume fraction in
first type of ply.

Identical to Card 38,
except that the proper-
ties correspond to the
matrix material in ply J.

3C are repeated as many times

as specified on Card 1. For each set of data, Card 3 must appear

three times, once for each of tnree different orientations of

plies. However, if VFRAC is set to zero on Card 3, no further data

for that type of ply is required.

[f the orientation ANGLE(J) is set to 0.0 on all three of
Cards 3, the code will run a series of calculations for orientations
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+te, -0, 0.0 degrees of the three ply types, for increments in e of 5
degrees from 0.0 degrees to 90 degrees. Otherwise the code will do
one calculation of laminate properties for the ply orientations
specified.

B.2  SAMPLE OUTPUT

A sample output is given below for the case of a laminate of
SiC/Al plies, and in this case properties of the fiber and matrix
constituents were input for each type of ply.

The first section of output is a printing of the user-supplied
header followed by a reiteration of the input properties (fiber and
matrix for eacn ply type in this case). The properties as
calculated with tne PRUFC code (ply coordinate system) are then
given for the three ply types, and tne stiffness coefficients and
stress-temperature coupling coefficients are also printed.

The main output 1is then begun. In tnis example, the
orientation angles ANGLE(J), J=1,2,3, were set to‘zero, SO a series
of output results at +e, <o, 0.0 degrees are printed, only one of
whicn s included here for the *35, -35, 0.0 degree case
corresponding to input volume fractions ¢ 0.25, 0.25, a.d 0.50
respectively. The stiffness and compl:~~~c o "ficients are listed
followed by the thermal expansion cuafi. " i~ ts, Finally the
intraply stress-temperature derivatives (h.. ¢ -~ + in this case) are
given in poth the laminate and ply coordinate 5;5.ems.

Tne final bit of output is a summary for each of the
orientations (5 degree increments) of the engineering elastic
constants and tnermal expansion coefficients for the laminate.
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00¢ZT80E"
OUue9InEb2®
00egN502°
00+95082°
00+26012°
00+90082°
00e12502°
O0en2e82°
00+80162°
00esLc62°
D0eLLNb2°

bl

20+SLIS2°
20¢99962°
20060952°
2005£982°
20+ In9S2°
20+104S2°
Z0eb0BS2°
20+61192°
20* Iag92°
20e28122°
20e¢50622°
20.02992°
20*5£862°
20+ tggOsg”
20e2L08E°
20egns28°
20e0208¢°
20+ 908E8°
20 160€5°

23

10+91099°
t0+89659°
10+50g59°
T0eL 0559
10+66159°
t0e9LLNI®
Tadeg62Z09°
1069948£9°
10+512€9°
10098929
t0+90129°
1059519
1000319
10+69909°
10+50c09°
10+40009°
10+n86L65°
10+¢£9948S°
t0e6196S5°

AX9

ZaesL9see
20e6£552°
20e6£152°
20050G92°
20+£09¢€2°
20engr22°
20eS2L12°
zoeg2e02°

20¢90061° .

20+900681°
20095501
2005992 1°
20e225.1°
ZitendgLte
206201740
2052841
28¢901¢ 2
20eg0tLL®
20000 1°

Al

10+81099°
10+28099°
10e28299°
10¢96099°
10¢26999°
10«005L9°
fgecgoL9”*
10¢SE009°
10¢20069°
10629269
T0e9500.°
t0e2Znl1L"
10e0621L°
10+1002L°
taeng62L°®
10eS9584L°
f0e+689€L"
jo*e9884.°
10e9568L°

13 %]

2ae6t621°
20+61611°
20+6t6l1°
Z0e9%6LE5°
Z0ep06L1°
ZaegeoLt®
20599 1°
Z0eg204L°
c0eS9LLT®
20+06921L°
20¢80921°
20e60SLL°
20enintt®
T0e28ULL"
Z0e.80221"
20+981L1°
20e¢1I0121°
20eETTLL®
20e00t21°

X3

LY ¥ L
°q olOOl..nOo
°n ..ndtoomﬂo
0 .oﬂdl.octo
°0 -mhtonﬂho
*0 *°0L-*°Cis
"0 $°69-°'"G9.
*q **09-'°C9e
L2011 .omnlo-mmo
*0 *°*0S-°'°0S.
*p *°Sh-**Sue
*°0 .oO'l-oO.o
°g Se°¢f-°Ge

0 .obnl.ocmo
.° .Iﬂ“‘..mN.
*g *°0Z-°'"02Z
g ..mdl..mno
o0 segi~-**Q0te
g 0sg. seg o
eg e Sep o

$3T9NY AN

o0 s°0g.%°pge
0 .Qmﬂigomoo
°0 ¢°0g-¢egge
°0 -ﬂhloombo
o) L TR T
eqn -oﬂ‘l..mao
*0 segQ.®°Qqe
°p te*gg-%°GGe
0 .oﬂml.oﬂno
°n .oﬂt.oaﬂ'o
°0 **Cu-‘*Co°
°Q segL.teGC,
*0 *°0f-*°0is¢
°g uoﬂNl..wNO
°g **02-'*02*
*0 *egl-tcgle
°g segl-**Qnte
g s°g. .-w PS
g ..O LTS

$3I79NY A4

NOISNVIX3 TYNYIHE 40 S49300 ONV SENVISNOD DIASVID INIYUIINIGON] JUwNIwv

XIylvw JILSVV)

4-930 ISk

JAUNINYY V¥/2LS
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B.3 CODE LISTING

A FORTRAN listing of the code is given below.
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1e
2e
3o
(1]
se
1)
Te
se
9e
10+
11
12¢
13
180
15
16
17
18»
19
20
21
22¢
23
26¢
28e

26
27
8%
29
3Qs
31
32
33
3%
35»
36
37
38e
39
80
Sle
82
83
[ L}
as5e
[T}
N7
g
9
S0
S1e
52¢
$3»
Sas
$Se
56
STe
58e
59
80
6le
62
63
68
68
66
6re
88
69e
70
T1e
T2e¢
73
Tae
18w
T6e
TTe
79
79

APPENDIX B3

LAMINATE MAIN PROGRANM
REAL N3,N2,N3S,NUXZ,NUYZ NUTT NUTA,NUTTF NUTAF NUTTR, YUTAN
DINENSION ST16,6) ,SINVIO 60 ,AX(19),AY(19),AZ119),6Aa019)
DINENSION HEADER(20), A8}, SIGOOT(8,3), PHI(S), SIGOLY(N,3)
DIMENSION CINIB,3)oCPRIMESS45),E11391,E2019),E3¢192,VUNZ119),
e NUYZU19),6XY(19),6XZ(19),TYPEC(S) ,COUNIE],GPRINE(N)
COMMON/ONE /N1, N2, N3
COMMON/THO/C1 (8 ,8), C2(8,8), C3(8,8)
COMMON/THREE /GAMMAL (8), GAMMA2(8), GAMMA3(N)
COMMON/FOUR/D1(2,21, D2(2425, 03€2,21
COMMON/INPUT/VFRAC(3) JANGLEI3) oETU3),EACS),qUTTE3),NITAIS),EA03),
CALFT(3) ALFA(3) ,ETF(3),EAFI3I,NUTTF(3),NUTAFI3),64F (32,ALFTFI3),
ALFAFE3) yF (3D ETMES) JEAM(I) NUTTHEI3) NUTANTIS) ,GANIS) (ALFTNEZ),
ALEAMIS] ,¥M( )
DATA PI/3,1415927/
READ(S,101} NPROB
NNNZO
1 ConTINUE
READ(5,102) HEADER
WRITE(6,100)
WRITE(6,112) HEADER
00 11 J=1,3
READIS,103) VFRAC(J), ANGLE(J}, TYPE(J)
IFIVFRac{J)eLgeDe? GO TO 18
IFCTYPE(J) 6T.0e) GO TO 12

READ(S,103) ETIJILEACII JNUTTCUD JNUTALID sGALJIJALFTULID JALFALY)
HRITELH.105) Je VFRACIJ), ANGLE(JS)
WRITELG,106) ETLIY, EALJYL, GALY)
WRITELH,107) NUTTIJ), NUTALJI, ALFTLU), ALFALY)
50 10 11}
18 DG 19 x=1,8
19 CINIKJI=0.
60 10 31}
12 READIS,103) ETFLUILEAFIUD) oNUTTIFLII) JNUTAFRGJD ,GAFE J) G ALFTFIJYJALFAFIL
oJ) o ¥F L)
RERD(S,103) ETMIJI qEANLIYI o NUTTM(J) NUTAMIJI) (GAMEII JALFTNIJ) JALFAML
sdd UML)
WRITELS,108) Jo VFRACIJ), ANGLE(J)
WRITE(16,109) VFLY)
WRITELG,106) ETFLJ), EAFLJI), GAFLY)
WRITE(6,107) NUTTFIU), NUTAFLIJ), ALFTFLU), ALFAF(J)
WRITE(S,110) vymi )
WRITELG,306) ETHIJ), EANIJD, GANLY)
WRITELS,107) NUTTMCJY), NUTASTIJ), ALFTMLJ), ALFANCLY)
11 ConTINUE
NM1ZVFRAC(1)
N2ZVFRACL Q)
N3=VFRAC(3)
00 13 J=1,3
IFIVFRACIJILESQe) GO TO 15
IFITYPELJYLELOL? GO TO 13
CALL PRUFCtJ,CIN)?
13 CONTINUE
DO 18 J=1,3
IFIYFRACUIJ).LE.D.) GO TO 1
IFCTYPEL ) +6GT.04) GO 70 18
CALL CCOEFLJ,CIN)
18 CONTINUE
D0 22 J=1,3
MRITE(S,115) 4
MRITE(G,116) (CIN(ILJ)o1Z1,0)
22 WRITE(6,117) (CIN(T,J)e1=5,6)
WRITEL6,100)
WRITE(6,112) MHEADER
WRITE(6,132)
ANGL=~-%,
KMaxzle
IFCLABSEANGLE (L) )*ABSIANGLEIZI IO ABSIANGLE(3) ) eGTo00) XMaAXZ]
00 10 XKK=3,XMAX
ANGL=ANGL ¢ S,
IFtumAX EQel) ANGLANGLEI)?
THETAZANGL*P /180,
D0 1S mnZ},.8
195 COUMIKIZCIN(N,GT)
CALL CROVICPRIME GPRIME ,COUM,THETAD
00 20 J=i,¢
00 20 I:=1,»
20 CLUIJIZCPRIMEI]I,J)
00 21 J4-1,8
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83+
81e
82
83
a8e
85
86
87»
88e
89
90"
91
92
93e
980
9%
96
9T
98
99
100
101+
102+
103e
108e
105¢
106
107
108
109
110
111+
112+
113»
110s
115+
116*
117
118+
119
120*
121
122+
123+
1280
125e
126»
127
128¢
129+
130s
131+
132+
133e

21

23

1%

3

20

17

L]

81

2%

26

GAMMAL(JISGPRIME(Y)

00 23 J=1,2

00 23 I=1,2
D1C¢I4JI=CPRIME(IsN,Ue0)
THETAZ = THETA
IFIKMAX,EQe)) THETAZANGLE(2)eplsin0.
Do 16 “:x"
COUM(K)=CINIK,2)

CALL CROY!CPRIHE.GPRIHE,CDU!.!HEYA)
00 30 J=3,.%

00 30 I=1,»
C2(1,JI=CPRIMEC(] ,J)?

00 31 J4=1,8

GAMMA2( JI=GPRINE(J)

00 28  =1,2

DO 28 I=1,2
D2(I,JIZCPRINE(I*q Jen)
THETAZO,

IF(RMAXeEQel) THETAZANGLE¢S)*PI/7180,
00 17 x=1,8
COUMIKDI=CININ,3)

CALL CROT(CPRIME yGPRIME 4COUM,THETA)
00 80 Jz=1,%

D0 80 1:=1,%
C3UI0JISCPRINELTI )

D0 &1 J=1,8
GAMMASIJIZGPRIME (J)

Do 25 J=1,2

00 25 1=1,2
D3(1+J)=CpRINELTI 0, o8]
CALL EX1S)11,523,531,541)
CALL EY(S129522+532+542)
CALL E21S13,523+533+543)
CALL GYZISISs S526,530,504)
CALL GXZXYIgS5,856+565,566)
00 2& J=1,6

DO 26 IZ1,4s

St1,J320.

$i1,112811

$(1,2)2812

$€1,3)=%13

St1,8)=2,0S81s

$12,132821

$12,2)2822

$€2,3):2823

St2,8)22,0520

St3,11283,

S(3,2)2532

SU3,312833

St{3,8)22,6538

Sta,1)=8a}

Sie, 212802

St8,3)=503

Sta,8)z22,0g48
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138
135S
136
137
130*
139
180e
181«
182
193
1'..
185
1860
187w
1epe
1489
150»
18]+
152+
193¢
158
155+
156+
157+
158e
159
160e
161
162=
163e
164
165
166
167
168
169
170e
171
172
173s
1782
17Ss
1760
177e
178
179
18Q0e
181
182+
1830
1842
185+
186
187

51

.3
Y
42

$S1S,5)=8552.

StS5,6):588e2,

St6:5)256502.

S(6,6)=56602,

CALL INVRS(6,+S,SINV)

CALL THERMLIA,SIGDOT)
AXtKK)IZACLY)

AYIKKR)I=AL12)

AZIRXIZALS)

Elixn)=1.7511

E2MKK)=14/822

E3I(XK)I=1,/S33

NUXZIKK )= = S13eE3(XX)
NUYZIKK)IZ « S23I8E3tuK)
GAAIRK)IZoSeSINVIN &)
GXZINK)=45¢SINVIS,S)

GUYIRKDI= S8SINVIG,6)

ANGL2= = ANGL

ANGy 320,

IFIKMAX ,NEL,]1) GO TO S
ANGL2=ANSLEL )

ANGL3I=ANGLE( )

CONTINUE

WRITE(G,113) ANGL, ANGL2, ANGL3
NR1TEt6,118)

WRITE(O6,119) SINVIL 1 ,SINVILIL2),SINViILl,3),SINVIN,])
WRITEI6,3121) SINVIZ2,2),SINVI2,3),SINVIN,2)
WRITE(6,122) SINVII,3),SINVIg,3)
XXZsSSSINVIN,N)
AYS¢SOSINVLIS,S)?

RYYS o5¢STINV(S,6)

XXYZ ,SeSINVIg,6)

WRITEL16,123) xx

VRITE(G6,237) xv, XYY, XXY
WRITELG6,120)

WRITE(6,125) $S11,512,513,51%
WRITELS,128) S$S22,523,52%
WRITE16,127) $33,53s
WRITEI6,128) Sus

WRITEtG,138) $55,556,586
WRITEIG,129)

WRITE(6,131) A

WRITEI6,135)

Do %2 J=1,3
IFISIGOQTIN, ) NELOW) 6O TO 83
GO TO &2

DO %& 1,3

IFLABSESIGOOT (I, J)/STIGDOT(0,U)el TeleE-07) SIGDOTII,J)=D.

CONTINUE
PHTI(1)=ANGLeP] /180,
PHIG2)CANGL2%PT1/180.
PHTIC3IZANGL3*P1 /180,
00 62 Jzi,3
SIZSINIPHI(J)
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108¢
189¢
190e
191
192
193e
194e
19%e
196
197
198
199
200
20le
202+
203e
200
20Se
206
207
2008
209
210+
211
212e
213e
218
215
2160
217=
218¢
219
220°
221
222«
2230
2280
225¢
226
227
228
229
230"
231e
232
233»
230e
238e
236e
237
238e
239
2609
2n]»

CO=COSIPHIWJY)
$122S1se2
€021, - S1I2
SIGPLY11,J)=S160071},4)
SIGPLY12,J)=S16GDO0TI2,J0)9C02 = 24¢SIGOOV(N,J)eSTIeCD » SIGOOT(3,J)
. *S12
SIGPLY(3,J)=SIGDOTI12,J19S12 - 2.¢S1GDOVIN,JI®SIeCO ¢ SIS00T(3,J)
. eC02
SIGPLY(%,J)=SI6G00T12,J9eS1¢C0 + SIGDOTty,J)0(C02 - S12)
. « SIGDOT(3,J)2S1sCO
62 CONTINUE
00 60 J=1.3
60 WRITEL6,136) Jy (SIGOOT(IJ)eIZ],8)
WRITE(O,108])
Do 61 J=1,3
61 WRITE(G:136) Je (SIGPLY(IJ) 131,08y
VRITE(B,132)
10 CONTINUE
WRITE(6,100)
WRITE(6,112) HEADER
WRITE(6,133)
MRITELG,138)
ANGL=Z~=g,
D0 SO I=3,KMAX
ANGL=ANGL + S.
ANGL2=Z = ANGL
ANG{ 320,
IFIRMAX NEG]) GO TO S52
ANGL=ANGLE(})
ANGLZ2=ANGLE2)
ANGL IZANBLE( )
$2 COnTINUE
S0 WRITE(G,130) ANGL JANGL2 JANGLIZELUI) qE20TD,EZCTI,NUXZITI I NUYZII),
. GAATIDJAXII)AYLIY AZI]D
WRITE(6,139)
ANGL=-S,
DO 27 I=1,KMAX
ANGLZANGL +» S,
ANGL2= - ANGL
ANGL 3=0.
IFtRMAx.NEL,1) GO TO S3
ANGL=ANGLE())
ANGL2=aANGLEL 2)
ANGL 3ZANGLEL Y]
$3 CONTINUC
27 MRITE(64180) ANGL,ANGL2 ,ANGL3,GXZ(I),GXY(])
NNNZNHN + ]
IFINNN LT NPROB) GO TO 1}
sTop
100 FORMATIINY)
101 FORMAT(I1Q)
132 FoRMATI20AN)
103 FOPMAT(8£10.0)
108 FORMATIIH ,20A8,77)
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2082¢e
283
2nNe
2088
LY 3
FL RA
2nge
209
250Qe
251»
252«
253
258
258
256
2571*
258
259
260¢
261
262
263
2680
268e
2669
267s
260
269
270¢
271
212
273»
raill
275
276e
277
278
279
280
281
282
283e
284 e
28%e
286e
287
288»
209
29Qe
291e
292+
293
29%e

105 FORMATI///7,° INPUT PROPERTIES OF PLY®,I2,° VOL FAINZZ*yFTe5,°
o AT',FT742,° DEG YO LAMINATE Z = AXIS*/)

106 FORMATI® ELASTIC MODULUS TRANSVERSEZ*,E11.5,° AxInL=",E11.5,°
. AXIAL SHEAR MODULUS=®,E11.%5)

107 FORMAT(®* POISSONS RATIO NUTT®,Fi1.8,° NUTAZ®3F11e8410X,°THERNM

o EXP TRANSYERSEZ®o€11eS5S5Xy "AXIAL=Z",E11.5]

108 FORMATI///7,° CONSTITUENT INPytT PROPERTIES OF PLY®,12,5%,°V0L FRACS
e 9FTe5,° AT®F7.2,° OEG TO LAMINATE Z<-AX1S*)

109 FORMAT(/,* FIBER PROPERTIES®¢SXy"VOL FRACZ*,FT7.5,/)

110 FORMATE/,°* MATRIX PROPERTIES*,SX,*VOL FRAC:=®,F7,5,/)

111 FORMAT(® PLIES AT % F3.00 9 oF0e09%9*%¢F3.04° DEG TD LAMINATE 2Z.AX
«IS%s /)

112 FORMATLLIH ,20An8}

113 FORMATI/,1H ,8E€16.8)

118 FORMATUIN L8E10,.5)

115 FORMATL/,° STIFFNESS COEFFICIENTS OF PLY®,12)

116 FORMATIIH oSX o Cl1=®sEL1e598X0°Cl22"oE21aS5o5Xo°CLl32°0E11e85,5%,°C33
e2%,E11.5)

117 FORMATILH oSXy CuN=® B 0o, 5% 088 01165 oSX o GAYNRIZ"E12:5e5K,"
oGAMMAZZE11.5)

118 FORMATI® STIFFNESS COEFFICIENTS OF LAMINATE®)

119 FORMATEIM S5Xy°C232° B 1e808%X9°Cl2 " 0E11e5+5% ¢ CLl3-"¢E21e5,5%,°C1l0
o=%,E11.5?

121 FORMATILIH 225X 3°C22="oE18e85¢5X9°C232°",E11.5,5%,°C203°%,£11,5)

122 FORMATILH 8SX,°C3320E114595X¢%C3082°,E11,95)

123 'o'"""" .bSX.'CQQ:'.Ell.Sl

128 FORMAT(/,° COMPLIANCE COEFFICIENTS FOR LAMINATE®)

125 FORMATELIH 45X oS3 0€20e5e5X9°S1220 E10e5,5X,°S13=",E31e545%,°S10
e=',E11.5?

126 FORMATOLINH 28X ,°S222° jE12aS9 5N 9 S232%E11a5¢5X9°S202%,E11.95)

127 FORMATLIH WSX,9S332°,E11,5¢5%X9°S302°,E11,.5)

126 FORMATIIH ,65X,°S882°,E11.5)

129 FORNMATI/," THERNAL EXPANSION COEFFICIENTS FOR LARINATES)

132 FORMATILN oSX o alF 1o s F 118 oS X o ALF2S 3 1o y5X s "ALF3",E1145,5X,"*
«ALFRZ',E11,5)

120 FORMATULIH (8E16,.8)

130 FORMATC® 9, F3400°y*sF8.0¢°%,°¢F3.0,9€12.5)

132 FORMATI/¢* 028028808008 8808080008 0084000208300 sesetd0eoseotdte®, /)

133 FORMAT(//7,° LAMINATE ENGINEERING ELASTIC CONSTANTS AND COEFFS OF Y
oMERMAL EXPANSION®)

138 FORMATI/,® PLY ANGLES * SN *EX® 10X, EY° 10K EZ* 00, " NUXZ®,8X,"*
oNUYZ® g 9K "GV Z o 8X o "ALFR " BX,"ALFY®8X,"ALF2%,/)

135 FORMAT(/,° PLY STRESS=TEMPERATURE DERIVATIVES (LAMINATE COORD SYSY
sEMIT* /)

136 FORMATILIN oSN *PLY "  12,5X°DSIBXXDTI®E11e859e5X,°0SIBYYIT=",E11.%5+8
oXo'OSIGZZDT=*,E11e5+5X9 *0SIGYZOT=",E11.5)

137 FORMATILINH 25X o CS5=oE10e5¢5X o CS08°,E11.5,5X9"°CH6:=",€11,.5)

138 FORPMATELH 226X o "S85 gE 100595 X e *SS6 " yE12a8,5X,73682°,£11,9)

180 FORMATIE® o° F3e0, % sF8 .00 ¢ eF3.0,2€12.5)

139 FopmATYL/,"* PLY ANGLES *,SX,9GXZ°,9%X,°GXY "4/}

181 FORMATI/,°* PLY STRESS-TEMPERATURE DERIVATIVES (PLY 22329 SYSTEM)®,
o/}
END
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1 SUBROUTINE CCOEF(J,CIN)
3e DIMENSION CIN(8,3)
(1] COMMONZINPUT/VFRACI3Z) JANGLECI) JET(3I),EALI) ,NUTTU3II,NITAL3),6AL3),
Ss eALFTUS) JALFAUZ)ETFUI3)EAFI(S) NUTTF(S) NUTAF(3) ,GAFL3)ALFTFI3),
b cALFAF(3) oVFI3)JETHII) JEANIS) NUTTHISI NUTAMIS) ,GAMISI ALFTN(Z),
Te oALFAML I oYM 3)
e NUATZET LU eNUTA(J)I/ZEA L)
9e DELTASLe = NUTTIJUI®E2 « 2,eNUTALJ)ISNUAT = 2,8NUTT(JISNUTAIJISNUAT
10+ CINUL,JIZETIJISt]e = NUTALJISNUAT)I/DELTA
11e CING2,JIETIJISINUTT(J] & NUTALJISNUATI/ZDELTA
12¢ CINI3,JIZETIJI®(1s ¢ NUTT(J)ISNUTAIY)I/DELTA
13 CININ,JIZEALJI®IY,s =~ NUTTIJU)ee2)/DELTA
lae CIN(SJ)ZgALY)
15e CINCOLJIZeSOICINIL YY) = CINI2,d))
16 CINCT,JISICINIL J) & CINI2,J)ISALFTLJ) » CINU3,J0eaLFAL )
17e CINIB,J)Z2.,¢CINIIJ)eALFT(J) o CININ JISALFALY)
18e RETURN
19e END
END OF COMPILATION: NO DIAGNOSTICS.

159




1*

SUBROUTINE CROTI(CPRIME ,GPRIYE,CIN,THETA)

e c SEE MgMO0 13 OCT 82 RICE TQ SUQRTMAN
3 c COMPUTES CPRIME(I,J) ELASTIC CONSTANTS Iy Q0TATED COORD SYSTEM
(1] c FROM THE CIN ELASTIC CONSTANTS IN THE FIBER SYSTEN
L1 c CINCIIZCll, CINC29:2C12, CINE3),C13, CINI(WI=C33, ZIN(SI=Cus,
6* c CINIG)IZCOHL = .5¢1C1] = C12) IF MATERIAL 1S TRANSYVERSILY ISOTROPIC
Te c COORD SYSTEM ROTATED BY ANGLE TMETA ABQUY THE X(=21) AxIS, WHERE
8e c THE FIBER DIRECTION IS THE OLD 2(=3) AXIS
9e [ CINCT?Y = GAMAX, CINIB) = GANAZ

10e DIMENSION CPRIMELG,6), CIN(B), GPRIME (&)

11 RSSINCTHETR)

12+ YZCOSITHETA)

13e X2=X%82

18 Y2=Yes2

18» X§zX28%x2

16 YNZY2eY2

17+ X3I=X28X

18¢ Y3=Y2eY

19 CPRIMENL,1IZCINIYY

20e CPRIME(]1,2V=V2¢CINI2) & X29CIN(3)

21» CPRIME(LI3IZX2¢CINI2) ¢ V220IN(3)

22 CPRIMEIL 8)=XeYS(CINI3? = CINI2))

23+ CPRINEL],52=0,

nNe CPRIMEIL1,60=0,

25e CPRIME(2,1)=CPRINE(],2)

24 CPRIMEC2,2)=YUSCINGL) o XaoCINI(N) o 2,8X28Y28CINI3)

21 . * NeaX2eY2eCINS)

20» CPRIMEC(Z 312X 20y20(CINIL) + CIN(S)) © (X8 ¢ YNIeCIN(Y)

29‘ . - I.‘lZ‘V!OCINIS)

30 CPRIMECZ 81 = XSYISCINIL) ¢ (X8Y3 = XISY)ISCINI3Z) ¢ X3JeVYECIN(N)

31+ . * 2.81X0Y3 = X3eY)ISCINIS)

32» CPRIMEL2,5):20,

33 CPRINMEC(2,6)=0.

Jan CPRIME(3,1)1=CPRINEL], 3}

35 CPRIME (3,21=CPRIME(2,3)

36 CPRIMEC3,3)1=YNeCININ) o+ XNSCINIL) @ 2,0X2¢Y2¢CIN(3) & s.®X20Y2

37 . SCINIS)

38 CPRIMEE3I,0N)C = XIsYSCINLL) ¢ XeYIOCINIO) ¢ (X3oy « xey3)eCINI3)
39e . * 2.8(X38Y =~ XeY3I)SCINIS)

age CPRIME(3,5)=0¢

[ B¢ ] CPRIMEL 3,690,

82 CPRIMELIR,1ISCPPIMELL )

93 CPRIMEC422)1=CPRIMNELZ W)

S e CPRIME(N,3IZCPRINEL3,qy)

48 CPRIME (8,8 )ZX20Y20(CINIL) ¢ CININ)) = 2,8X2¢Y2¢CINI3)

N6 . e ((Y2 = X2)10e2)CIN(S)

sl CPRIME(&4,51=0.

age CPRIMElg 6020,

(1 1) CPRIMPEIS,1)=0,

S0e CPRIMELS,2)=0.

Sle CPRIME(S,3)20.

$2s CPRIME(S,,8)=0,

538 CPRIMEIS ,S)I=Y2eCINIS) ¢ X20CINIS)

Sqe CPRIMC(S5,61=XeY*(CINIS) - CINIG))

5Se CPRIME(G,1)=0.

S6* CPRIMELG,2)=0.

S7e CPRIMELG6,3)20,

58 CPRIMELG,8120,

$9s CPRIME(6,SI=CPRINE(S,6)

60e CPRIMELG,6)=Y2eCINIGE) o X2oCINIS)

8¢ GPRIMEILII=CINIT)

62e GPRIMEC2ISY2eCINIT) o X2e¢CIN(B)

63e GPRIMEIIIZN24CINIGT) o YV2eCINLS)

b8 e GPRIMEIN)={CIN(S) = CIN(TIIOXeY

6Se RETURN

66* END

ENDO OF COMPILATION: NO OIAGNOSTICS,
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1 SUBROUTINE EX1S11,521,531,580)
2¢ DINENSION Xt6)
3 REAL N3, N2, N3y K
(1] COMMON/ONE /N1, N2, N3
Se COMMON/THO/Clluet)y C200,080, CI(N,8)
e COMMON/COEF/KIb,7)
Te K{1,30=C2(1,1)
8e Ki(1,2)20.
1] Kt31,3)=0.
100 KE1,8)2C213, 20
11 X(1,5¥zC1¢1 . I
12¢ Ki1,6)=240C111,8)
13+ Kily7)21e
1he XKi12,1)20.
1Ss KE2,29=C213,1)
16 K$2,33=3.
17 XKt2,802C201,2)
10e KE2,850=C7¢1,3)
19 12,612 3C211,8)
20 ni2,7=},
21 Ki3,1):=0.
22¢ Kt3,2)=0
23e NE3,302C301,41)
280 Ki3,8)=C311,2)
2% KE3,5)=C3¢81,3)
26e K(3,6):2+0C3¢1,8)
27e KES,TIZ1e
208 xK(8,1)=N18C111,2)
29e KEN,2)2N20C201,2)
30s= K(n,y3)=N3eC3tL1,2)
3le NI, 8)SNIeCl2,2) ¢ N29C212,2) o N36C3(2,2)
32 MiNy5)=N18Cl(2,3) o N2®C2(2,3) ¢ N3IsC3(2,3)
33» MEW,60T2.0¢N10CIE2,4) * N2eC21Z, %) o N3ISC3IL2,4))
36* K(8,7)20.
35 NiS,22=N19C112¢3)
36e N(S,2)I=N28C2(],3)
37e KESy3)=NJeC311,43)
38 KESe8ISNIOCIt2,3) & N28C212,3) ¢ N3#C3¢2,3)
39 RES,S)=N1ec)(3,3) ¢ N2*C2(3,3) ¢ N3#C313,3)
80 KiS,6)=2.0(N1ISCLI3,4) ¢ N2¢C2(J,8) » N3sC3(3,8))
ale KES,7)=0.
(Y KiGelISNIsCli],8)
83 K(6,2)=N28C211,4)
age Nipe3ISNISC3II(1,0)
8Se KEG,8)=NISCl2o0) ¢ N20C2(2,8) ¢ N39C312,4)
(7 1 KEEyeSI=N1ISCL(3,8) o N2SC213,8) o N3eC3(3.4)
LR NEGo6)Z2.8INLISCLIN,4) + N2eC2(8,8) o N3IoC3(8,4))
a8 L ST YRAE'DS
89 CALL ROOT(6,X)
S0 EPSX=N1eX(1) ¢ N2eX(2) ¢ N3eX(3x)
S1e s113EPSX
52¢ sS21zxiN)
53 $313X(S)
She Salzx(6)
$Se RETURN
S6e END
END OF COMPILATION: NO DIAGNOSTICS.
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ie SUBRCUTINE EY(S12,522,532,3542)
2e DIMENSION X(g)
3e REAL N1, N2y N3, K
8 COMMON/ONE/NT, N2, N3
se COMMON/TWO/CLia,8), C2(8,8), C3i(8,0)
[ 14 COMMON/COEF/KIL6,T7)
Te K11,33=C3(1,1)
8e xil,212g,
9 Xi1,3)=0.
10¢ K(l,8)=CL(2,3)
11le Kt1,5022.8C111,0)
12 Kiles)=s = ClL),2)
13 XKi2,1)=0,
1os KE~y232€C2¢1,1)
15« Ki2,3)=0.
16¢ 12Z2,8)2C2(1,3)
17 Ki12,5)=2.2C2¢11,04)
18e K12,6)= = C211,2)
19s XKt3,1020,
20» XKt3,2)=0.
21e Ki3,3)2C311,1)
22 K(3,802C3(1,3)
23e KE3¢5)=2,8C3(1,48)
2% XKE3406) = C31,,2)
2% KES,2)=N1eC1(]1,3)
260 KI8,2)=N20C211,3)
27 King3)ZN3eC311,3)
28 Ki8,8)=N18C (3,30 * N2#C2(3,3) ¢ N3ec31(3,3)
29 MU S)=2.0(NIOCLI3,4) * N20C2(3,8) ¢ N3IsC3I13,84/)
3Qe KEQ,6)= = (N1sCL(2,3) * N2eC212,3) + N3IsC3i(2,3))
31e K(Sel)=NIsClt]l,.8)
32 HiES42)2N28C2(1,8)
33, K¢S, 5)I=N38C3(1,407
24 K{Se8)=N1asCli3,8) ¢ M20C2(3,0) * N3I#C3(3,4)
35 NUSeSYZ 2.9(NIOCLIN,N) © N2eC2(N,4) ¢ N3IaC3(4,4))
36 KESep)= = INISCLU2,0) + N2eC2(2,8) + NISC3(2,4))
37 CALL ROOT(S,Xx)
38 SI6Y1=Cl(1,2)0Xt1) ¢ C1U2,2) + C1i2430%X(u) ¢ 2.¢L1(2.828X15)
Jes SIGYZ=C2(1420108X(2) ¢ C212,2) o CIt2,318K(4) o 2 ¢C212,4)0X15)
sQe SIGY3ZC3i1,2)0X(3) @ C302,2) ¢ CI(2,3)8xiu) *» 2,32, ,0)80(5)
Sle SIGYC=N18SIGY] ¢ N2eSIGY2 o N3eSIGY3
82 EPSNZNLISXEL) o N2eX(2) ¢ N3eX(3)
43 312=€EPSN/S16Y
ane $2231./816Y
85 $323x(8)/s81GY
[ 114 S42=X15)/%16Y
Nle RETURN
8le END
ENDJ OF COMPIL2TION: NGO ODOJAGNOSTICS.

162




1s SUBROUTINE EZ1S13,523,533,543)
2 ODINENSION X(6)
3= REAL N1, N2, N3, K
(3] COMMON/ONE/NI, N2, N3
(1) COMMON/ZTHQ/CliN,8), C20L4,4), C3(4,N)
6 COMMON/COEF/K16,7)
Ts XK€1,102C101,1)
8 K(31,2)=0¢
9 XK(1,3)20.
10s x(1,832C111,2)
11e Kt1,5)=2e8C1(1,8)
12 Kil,6)z = C1l13,3)
13» X12,1)=0,
14 Kt2,2)z=C2¢11, 1)
15 K(2,31=0.
16 Kl2,8)3C211,2)
179 Ki2,502.8C21(1,4)
18 NE2,63= = C211,3)
19 Xi{3,212=0,
2_0‘ K13,2)=z0,
21e XE3,3)=C311,1)
22 KU3,812C311,2)
23 Ki3,5)=2,8C311,4)
rix K(3,6): = C311,3)
25+ K{8,1)=N1sC1(1,2)
26e ni8,23=528C211,2)
27 Kis,S)CN3IeC3t]1,2?
28 KN u)=NIeCL02,2) @ N28(C2(2,2) ¢ N3sC3(2,2)
29 N8 ,5)=2 ,8INgsC I 2,0) ¢ N2¢C212,8) ¢ N3sCl3i2,8))
3pe KiN,6)= = (N18CI12,3) » N23C2(2,3) « N3IsC3t2,3))
31e NES,1I2N18ClE) )
32e K(Se2)N26CZ(L,40)
33s Ki5,3)I=N3eC3(]1,4)
38 KIS, 8)ZN18CIl2,8) o N29C212,8) ¢ N3ISCII2,4)
35 KIS,50z2.8(NIZCII0,8) ¢ N29C2UAN,8) N3sC3tu,al)
3o KIS,6)= = INIPCLIZ,0) ¢ N2eC213,8) o N3®C3i3,8))
37 CALL ROOT(S,X)
38 SIGZ1=C10),3)8X01) o CLU2,3)0Xtu8) o C1U3,3) ¢ 282113,8)3%15)
39e SIG22=C211,308X(2) o C212,3)0Xg) ¢ C2U3,3) ¢ 2e%0213,0)8X(5)
8Qe SIGZ3=C301,318xX(3) ¢ C3(2,3)8Kt8) & C3(3,3) ¢ 2,8C3i3,8)0X15)
[$ L SIG2=N1eS1621 * N2#51622 ¢ N3es1623
42e EPSXSNISXI]) & NZext2) + N3sx(})
83s S13-EPSX/S162
e S23=X(%) /5162
aSe $3321475162
“be S83zX(5)/¢162
a7 RETURN
(1.1 END
END OF COMPILATION: NO DIAGNOSTICS,
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1e SUBROUTINE GXZXY(S$S55¢95569565,566)

2e DIMENSION Xi54)

3 REAL NI.NZ.NS.I

[ 14 COMMON/ONE/N], N2, N3

Se COMMON/FOUR/D1I(2,2), D2¢2,2), D3€2,2)
'Y COMMON/COEF/K(6,T)

Te D0 10 J=1.7

8s 0O 10 1=21,6

9 10 X(I,J4)=0.
10e K(1,3330103,1)

11 Xt1,2)=D111,2)

12¢ [ IPYRA LYY

13» K12,39=D2183,1)

18 N(2,8)=D2¢3,2)

15¢ KE2,7)2.5

16¢ K13,51=0311,1)

17 K(3,6)=0381,2)

18 K(3,702e5

19+ K(N,3)20211,2)

20 K(8,2):=D142,2)

21e X1S.3)=D02(1,2)

22 KiS,8)2D212,2)

23s Ki645120311,2)

28 K¢b,601-0312,2)

25 CALL RQOT(6,X)

26 EPSI3ZSNI®X(1) ¢ N2ex(3) + N3exX($5)
27+ EPSI2=N]1#X(2) ¢ NZeX(N) o n3sXip)
28e $S85:,5¢EPS 13

29 S65:.5%EPS12

30e Kt1,7)20.

31e x(2,7)=0,

32 Ki{3,7)20.

33 N8 T)IZ 65

Jue “‘5',|:05
35 xlb.7l=,5

3o CALL RooTi6,X)

37e EPSLI3=NIsX(]) » N2eX{3) ¢ NI®X(S)
38 EPS32SN1eX12) & N2®X(4) ¢ N3ex{s)
39 $56=.59EPS 3
8¢ S66=.50EPS12
8le RETURN
82° ENOD

END OF COMPILATION: NO ODIAGNOSTICS,
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le SUBROUTINE GYZIS184,524,530,508)

ri DIMENSION X{16)
3 REAL N}, N2, N3, K
[} COMMON/ONE/N1, N2, N3
(1] COMMON/TNO/CL(8,8), C2(8,8), C3(h,8)
(34 COMMNON/COEF /N 16,T7)
1 Mil1,102C101,1)
L B Xi1,2)=0.
9e Kt1,3)20.
10e Ki1,802C1(1,2)
11+ NE1,5)2C1(L,3)
12» Kil1,8)= = 2,%Cl(1,48)
13» XKt2,1)z0,
1y HiE2,2)=C211,1)
15e Ki(2,3120.
16+ K12,8)2C211,2)
17s KE2,5)=C211, 3D
18 Kt2,6)= = 2e8C211,4)
19 Kt3,1):=0,
23 XKt3,2):=0.
21 Ki3,332C311,1)
22¢ Ni3,8)0=C312,2)
23» Kt3,51=C3€1, 3
2% K(3,6)= = 2,8C3(1,8)
2%5e I8y 1)SN1eClM1,2)
260 x{8,2)2y20C211,2)
27e KE8,3)=N3sC3(1,2)
28 King8)INI®Cl(2,2) ¢ N28C2(2,2) ¢ N3®C3(2,2)
29» Ki8,S)I=N1eC102,3) & N2#C2(2,3) ¢ N39C3(2,3)
3pe KIN ,8)z = 2,8(N19C1(2,8) ¢ N28C2(2,83 » N3e(3(2,0))
3is KiSe1)zN1eCl(1,3)
32s KES,2)=N29C211, D)
33e KiS,3)=N3eC3(1,3)
34 NUS,8)ZN1eC (2,30 ¢ N28C2(2,3) ¢ N3sC3i2,3)
35e KIS,ySIzN1eC1(3,3) « N2%C2(3,3) +» N3sC3(3,3)
36e KESeb)= = 2,8(NISCL(3,8) o N2eC2(3,4) o N3IeC3(3,8))
37e CALL ROOTIS,X)
38 SIGYZ1=CU1,808X01) ¢ CLlU2,008X(8]) o CICUI,8)8X(5) ¢ 2,0C1C0,4)
39e SIGYZ22C211,8)8X121 & C2(2.4)8Xin) © C2U3I,8)8X(S5) ¢ 2,0C2(08,4)
8Qe SIGY23=C3(1,8)eX(3) o C3(2,0)8X(8) + C3(I,8)0X(5) ¢ 2,8C3(8,8)
ale SIGYZIN1®S1IGYZY * N2egI6YZ2 * N3I®SIGY2)
82 EPSXSNISXIL) ¢ N28X(2) o N3sX(3)
43 S1az,58EPSX/S16Y2
(11 S28:,50X(4)/S1I6Y2
L1 1 $382,850x(5)/516Yv2
LT L S482,5/78167v2
YA RETURN
8ge END
END OF COMPILATION: NCO DIAGNOSTICS.
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1e
29
3
se
Ss
6
71
e
e
10»
11s
12¢
13»
1ns
15»
15
17

END OF

1e
2"
3
qe
Se
6
Te
s
9
10*
11
12e
13e¢
P LT ]
15
169
17*
18

END OF COMPILATION:

COMPILATION:

30

20

40
10

SUBROUTINE INVERY
INVERTS 3 X 3 MATRIX

COMMON/NIX2/C(3,3),y QI3),y XX

COMMON,SOUT/S13,3)
D2Cl141)8(C(2,2)2C(3,3)

SU1,1)3tct2,2)8CU3,3) =
S1102)5= (CL3,208CU3, D)
S(1,3)12(C11,219C(2,3) -
St2,132= 1C12,3)%C¢3,3)
S(242)3(CH1,3)8C13,3) =
St2,3)== tCile1)%Ct2,3)
SU3,1058C1202)2C13,2) =
S13,2)2= (Cil,13%C13,2)
S(3,3)=(Cl1,10C12,2) -~
RETURN

ENO

“ CU3,202C12,3)) = Cl1,20%(C12,138C(3,3)
o = CU3.11¢C12,3)) ¢ Ct1,3)elCl2+1)8C13,2) =~ Ct3,1)06212,21)

Ct3,218C12,30)/0D
= Cl3,2)8Ct1,302/0
Cl2,274C11,3)2/D
= Ct3,1)9C12,31)/0
Cl3,110C(1,3))/0
= Cl2,1)%C(1,3))/0
Ct3.100c(2,2)170
« Ci3,1)eC(1,27)/0
Ct2,21%C(1,2))/,0

NO DIAGNOSTICS.

SUBROUTINE INVRSIN,XIN,XOUT)
COMPUTES INVERSE XOUT OF INPUT MATRIX XIN

DIMENSION Cl6,7), XIN(6 6), XOUTLH,6), X(6)

COMMON/COEF/C
00 30 J=1,6

00 30 I=<1,6
CtI,Ji=xXINCI J)
0g 10 J=S14N

00 20 XZ1,N
ClKyN*1)=0.
lFlK.EQoJ) ClK.N‘llzlo
CONTINVE

CALL ROOTIN,X)
00 40 L=1,N
XOUT(Lod)2X (L)
CONTINUE

RETURN

END

NO DIAGNOSTICS.
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INVOO10
INV0020
INV0O030
INVOOsO
INV0O0SO
INVCO60
INVOO70
INVO08O
I1NVQ090
INVO100
1nvol1lo
INV0120
INVO13D
InvOlag
INVO1SO
INVO16D
INvOl70




1s SUBROUTINE MIX RIX00D100
2 COMPUTE EFFECTIVE ELASVIC CONSTANTS FROM THOSE OF CONSTITUENTS, MIx00200
3 €11 *» C12, C13» C33, GAMMAY, GAMM,D nIx00300
ye REAL N1, N2, X12), KE n] X00800
1] COMMONZELAST/N1, C11¢2), Cl2(2) n1x00500
be COMMON/MIX1/C1t3,3), C2(3,3), GAMMAL(3), GAMMA2(3), 3ETAL¢3), 1 X00600
T . BETA2(3) %1 x00700
8e COMMON/MIX2/CEN3,3), GAMMAE(3), XE wIX0080g
9e KE1)SC1l01,1) ¢ C181,2) M1 X00900
13 K$21=C201,2) ¢ C2(1,2} “1Xp1000
11l N2=le =~ NI} : MIx01100
12 HIN2eK{1) ¢ NIsK(2) ¢ C2(3,1) - C2(1,2) 9l x01200
13 KESNIsRL1) o N28K{(2) = (X(1) « A{2))se2eN]eN2/H 41X01300
1ss CEULo3I=NI®CI(1,3) ¢ N2OC211,43) = (K(l) = K(2))e(C2(1,3) - RIX0140C
15+ . C2U1,3)18NION2/N MIx01500
16 CEU33INeCI(3,3) o N23C2(3,3) = 2,21C1li1,3) = C2{1,3))es28N)oN2/N] X01602
11» . ] nlx011700
18s GAMMAE(1)=NToGAMMAT (1) o N2OGAMMAZ2(L) = (GANMALLZ) = SAMMAZLLD) 4I1x01800
19e " SIKLL) = K(2)IONLIONZ/M “1x01900
20 GAMMAE(SISNLSGAMMAI(S) & N2SGAMMAZ(3) = 2,6(C1(13) = C201,311e I x32000
21s . (GAMMALIL) «~ GAMMAZ2(1))ONLION2/H “1x02100
22 CEN2432:CE1],43) %Ix02200
23 CEt3,10:=CEL1, ) «Ix02300
240 CL13,2)=CEl1, ) MIX02800
25 GANMAE12)S5AMMAEL]) HIx02500
260 RETURN “1x02600
21e END 1I1x021700
END OF COMPILATION: NO DIAGNOSTICS.
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ie

2

3

e

ss

be

Te

8e

9
13e
11+
12+
13»
18
15
16
17
18+
19+
20
21e
22
23
2%
25
26
21
28
29
30
3l
32+
33s
38e
35
3be

END OF

SUBROUT INE MIXCC

CALCULATE COMPOSITE Cl] AND C12 SEPARATELY

REAL N1, KE6eT7Yy KE

OIMENSION X(6)

COMMONZELAST/N1, C11t2), cl2t2)

COMMON/NIX1/,C113,3), C2(3,3), GAMMAL (3], GAMMA2(3), 3ETALIS),
BETA2:13)

COMMON/MIX2/CE(3,3), GAMMAE(3), KE

COMMON/COEF /K

C11113=C1t1,12

Cl1t21=C2(3,1)

C1211):=€C1¢1,2)

Cl2e2)=C211,2)

!r(Nl-LE.Ol nl:l.t-us

CALL SETuPLD)

CALL ROOTLG6,X)

SUMZX(1) ¢ X{2) « X(3) « XtN)

ETASCl2(21/CL1C)

HoeX(]) = 5883, ¢ ETAISXIZ2V/ETA = oSelle - ETA)SX(3) + X({8)

SUMZSUM/3, = Z.ONIS.

YiZ3./Sum

IFINIGLELO) N121.E-0S

CALL SETUPL2)

CALL ROOT(6,4X)

SIGROZC11(208IX(1) + 3eeX(2) = RI3) = JooxX{4)) =~ £1212)
C66= +561C1112) = C1212))

SIGRTOZCO6U~NI]1) = 1e5¢(3, ¢ ETAIOXI2/ETA o ,S5e¢1, = ETADOXIT)

- 3.8X(8) = 1,)
Y2-SIGRO/3, = 2,%SIGRTO/3.
Y=cSelvl o Y2)

CElLLlo1rz 501y « KE)
CElY,2)=.50(KE - V)
CE(2,2)SCEl],1)
CEI(2,1)2CEN1,2)

RETURN

END

COMPILATION: NO ODIAGNOSTICS.
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8XC001
% c002
uXC0O03
*XC00N
%xC00S
nXC006
"X Cc007?
%xXC008
xCo09
%X C010
My COo11
"xC012
HxC013

nxCO1S
%XCO18!

“XCo1
wxCpi8

1XC021
nxcoz22
nxCcoz23
nxCO2s
nXCc02%
nxcoze




il
28
3s
[ 1]
S»

1
Ss
9e
10s
11+
12+
13
148
15¢
16
17»
18
19+
20*
21+
22+
23
28
28se
269
2T
208
29"
3ge
31
32+
33e¢
I8
35
36
37
38
3g9s
8
8l
42
83
a4
88
86se
7
g
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SUBROUTINE PRUFCIUlJLCIN)
REAL NUXY12), NUXZ(2), NUZKIZ2),y NI
REAL NUTT NUTA,NUTTF NUTAF NUTTH NUT AN

REAL NUCXYC,NUCXZC  ,NUCZXC

REAL KXXt2), X2¢2), KxE, NZE, KE

DIMENSION CIN(8,3)

DIMENSION BETVAE(I3), EX(2), E2(2), RHOIZ), 6(2)
COMNON/MIX1/7CL83,3), C2(3,3), GAMMAL(3), GANMAZI3), 3IZTALLY),
. BETAZ2(Y)

COMMON/NIX2/CEI13,3), GAMMAEI3), KE

COMMON/ELAST/NT,c1112), C12(2)

COMMON/SO0UT/S(3,3)
COMMONZINPUT/INFRACEI) JANGLE(S) ET(3I) EALI) JNUTTIIIGNJITAL3),,5AL3),
CALFTI3) JALFAUS) JETFUISIoEAFC(I) ¢NUTTF (3) NUTAF(3),GAF(3),ALFTFL3),
CALFAFIS) oVFUSIoETHII) JEANIS) o NUTTMIZ) (NUTAN(3) ,6AMNI3) ,8LFTMCD),
cALFAN(3) ,¥M1 3)

EXC1)zETF ¢ J)

EZ(1)=EAF LN

NUXY(LISNUTTFLY)

NUXZU3ISNUTAF L)

BEVARLYIIZALFTF(Y)

BETAMI I =ALFAF (U

KXe1iz3,

KZt1)31.

RHO(1)31.

GBL1)=GAFLY)

EX(2ISETNIN)

EZL2)I2EANLY)

NUXYI2)SNUTTMEJ)

NUXZE2)ZNUTANLY)

SETA2LYIZALFTINIL)

BETAZU3I)=ALFANCY)

KX(2)31.

NZL2123,

AHO0E2)Z1.

662)1=GAR(J)

CALCULATE CSUBIJ°*S FOR FIBER

NUZXE1IDZtEXtLDIeNUXZIL ) /EZ¢))

DELTASle = NUXY(1)882 = 2,6NyXZ(1IONUZX(1) = 2,6NUXY(])eNUXZ(]1}
. SNUZX (1)

Clil, ) EX(L)8U], = NUXZULISNUZX(1))/DELTA
CLULs2CEXILIOINUXYIL) » NUXZ(I)ONUZXI1))D/0ELTA
Clilo3)3EX(320lle ¢ NUXYIL))SNUX2(1)/DELTA

ClI3,3)ZEZ 18t ],s = NUXY(1)002)/DELTA

C102,122C111,2?

Cl1(2,2)=C1t3,4))

C1e2,31:=C1¢1,3)

C1t3,31=C1131,3)

Cli342)2Clt1,3)

CALCULATE CSUBIJ®s FOR MATRIX

NUZXE2)S(EX(2YeNUXZI2))/EZ12)

DELTAS]e = NUXY(2)282 = 2,8NUXZI2)ENUZX(2) = 2,0NJIXYI2)enNuXZ(2)
. sNUZX(2)y

C2U1,103EX(2)80]s = NUXZ(27eNUZX¢2))/DELTA
C2U1,212gXE2)8INUXYL2) o NUXZ(2)ONUZX(2))/0ELTA

C2U o30EXE2)00], ¢ NUXY(2))IONUXZI2)/DELTA

C213,312€212)¢11, = NUXYI2)e¢92)/DELTA
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PRUOONTO

PRUCDG0OO

PRUQ1203
PRUC1300
PRUD1400
PRUD1S00
PRUD1600

PRUG34QQ
PRUO3SO0
PRUQ3600
PRUC3IT00
PRUD3EDD
PRUO3S00
PRUCE 000
PRUOS1gg
PRVON200
PRUON 30D
PRUQs 00
PRUCNSO0
PRUQe 600
PRUQONT00
PRUOS&SID
PRUOMS0O
PRUCSCO0
PRUOCS100
PRU0S200
PRUOS 300
PRUOSHOQ




(11 C212,10=C2€1,2)

59¢ C282:212C211,11

60e C2¢2,3¥1zC211, 0

6le C213,1)=C211,3)

62 C243,21=C211,32

639 c CALCULATE THERMAL STRESS COEFFS

64 BETALL2):=BETA} (1)

65e BETA2¢(21:=8BETA2¢})

66 00 30 11,3

67e GAunAltld=qg.

68 00 30 JJ=1.3

69e 30 GAMMALUT)I=GAMMALIT) ¢ CLlUJ,JJ)*BETALGIY)

70 00 ag I=1,3

Ty GAMMAZ2(13=20.

72¢ D0 a0 JJ=1,3

73# 40 GAMNAUTICGAMMNAITI) * C2(1,JJ)eBETA2(JJ)

Tye c CALCULATE ELASTIC AND THERmAL STRESS COEFFS FOR COMPOSITE asS
75 c FUNCTION OF FIBER VOLUME FRACTION, C11 * Cl12, C13, £33, Ganmal,
768 Cc GAMRKAZ

T7e NiZVFLJ)

78¢ CALL MpX

79+ (4 CALCULATE TNERMAL EXPANSION COEFFS FOR ComMPOSITE

80e BEVAE(1)=eSOIGAMMAE(3)CE(3,3) = GAMMAE(S)ecE(L,3)1/7¢.5¢KkE
81e . SCEU3,3) = CEl]143)e02) _

82e BETAEL3I)ICt «SONESGANMAE(D) = CEC(L1,3V06AMMAE (1)) /o582

83s . SCEL3,3) = CEl143)8s2)

(1% BETAE(2)=8ETALE(]))

8ss SAVEXZBETAE(])

86 sAyE2=BETAEL3)

87 CINCGT,J)=GARRAELY)

88s CIN(EeJIZG MM ()

89e c THERM COND FOR COMPOSITE

9Qe KZESN1eKZILl) ¢ (1, - Nj)eXZ(2)

91s QK x(2) = UXCIDIZEKX L) o NX(2) o NIo(KX(2) =~ KX{1)})

92e KXESNIogX(1)o(le o (1, =N1D8Q) ¢ (1. = N1)edX(2)%(1l, = N1eQ)
93s c COMPOSITE OENSITY

94 RHOC=NIsRHO(]) * (1, =~ N1)*RNO(2)

98 c COMPUTE C11 AND C12 FOR COMPOSITE

96 CALL MIXcCC

97e CALL INVERT

98 CING3,JI=CE(L,1)

99 CINI2,J0=CEL}3,2)

100» CINI3,J)ZCEL), )

101+ CIN(S,JIZCEL3,3)

L] nPoOSIt ANE SHEAR MODULUS

}ggt ¢ ggulsfslgﬁzggtlz.taxtstll * (1s = NIISIGLL) * G120))/712,8N10G¢2)
104s . * 1, = NII®(IG(I) » G(2)))
105» CINCGoJ)=eSe(CELL,1) - CE(L,2))
106 [ CALCULATE COMPOSITE ENGINEERING MODULI AND SAVE FOR PIINTING
107 ECXC=1e/501,1)

108* ECZ2C=1./S513,3)
109 NUCXYCS = S(1,2)eECXC
1100 NUCX2Cz = S(1,3)»£C2C

11ls NUCZYCNUCXZ2CeECXC/EC2C

1129 CALL STRESS(SIGZ1,SIG22,SIGR;SIGHI1,SI6H2]1,SIGH22Z,SAVIX,SAVEZ)
113» WMRITELG,103)

114 WRITE(6,100) J

115¢ 10C FQoRMAT(/,® PROPERTIES OF PLY®,12,° AS CALCULATED 4IT4 PUFC*)
116* WRITELG,101) ECXCL,ECZC,NUCXYC,NUCX2ZC

117 101 FORMATILIH 28Xy "ET= 11 eS9SX o ERN="9E21e545X, " NUTTZ®,FB,.5,5X, "NUTAZ
118+ «*sF8.5)

119# WRITE(6,102) CINIS,J)CINI6,J) BETAE(1),BETAECS)

120 122 FORMAT 1y 's’o'Glfz'otl1-515]"57':.05‘105'5!|'ILf':"Elx.S.SI.'IL
123 ofF A ,E11.5)

122 103 FORMAT( /)

123e RETURN

128 END

END OF COMPILATION: NO DIAGNOSTICS.
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PRUOSSO0
PRUCS 600
PRUOS 790
PRUCS 800
PRUDS 900
PRUDTS0D
PRUCSO0OD
PRUCB)30D
PRUOS 200
PRUCe 300

pRUgs 700

PRUOY 200
PRUCY 300
PRUQGY&00D

PRUQ9800
PRUOY900
PRUL0000
PRULO10O
PRU10200
PRUIO300
PRULCSOD

PRUI0T00
pRuUlpeg)n
PRUL10900
PRU11000C
PRU11100
PRU11200
PRU11400
PRU11S00
PRUL3600

PRU12200

PRU12600

PRU2280Q




ls SUBROUTINE ROOTiN,XOUT)
2 SOLYVES N LINEAR SIMULTANEOUS EQUATIONS, N,LE.6 UNLESS
3 DIMENSIONS ARE CHANGED
. INPLICIT DOUBLE PRECISION(A~H,0-2)
Ss REAL XOUTI6)e XKINEH, )
6s DIMENSION X(6), XK(5,7)
Te COMMON/COEF/XRIN
8e NPISN ¢ 1
9s NMIZN = 1
10e NIZO
11le 00 10 Iz1,N
12+ 00 10 Jz1, NP}
13 10 XKUIJISXKINEI )
1se 20 NISNI ¢ }
15+ IFINI.GT.NM1) GO 10 80
16e NIP1Z%TL » 3
17 AzXK (NI NI)
18¢ In=NI
19¢ 0o 30 I=NIPloN
20s IFIDABSIXKIToNIDDLLESDABSIAY) GO TO 30
21 AZXKIILN]I)
22+ Inz1
23e 30 CONTINUE
24 IFLINLLENI) GO TO 50
28 00 %0 JINI,NP)
269 ASXntIngJ)
27e XKEIM,JISXNENT »J)
28 80 XXKINIJ)=A
29+ 50 CONTINUE
30s ASXK (NI ,NI)
31s DO 60 J=NI NP}
32 60 XK (NI, JIZXKINI,J)/A
33e 00 70 IZNIPLl.N
3us DO 70 J=NIP1,NP]
35* 70 AKCIoJIZXR{TIGNIISXNINTJ) = ANKLIIWJ)
360 60 70 20
37e 80 CONTINUE
38 XENISXKENGNPL) /XK INyN)
3g¢ NXZN
80 90 MNXZNX = )
8l NXPLIZNX & 3
N2 IFINX.LTe1) 60 TO 110
83e XINXIZXKINX,NPY)
(TR D0 100 K=NXP1,N
aSe 100 XUNXIZXINX) = XKINX ,K)®X(X)
860 XINXISXINXDI/XKEINX NX)
8. 60 10 90
48 110 CoNTINUE
N9s 00 120 I=1,N
SQe 120 YOUT(II=X(])
Sie RETURN
S2e END
ND OF COMPILATION: NO DIAGNOSTICS.
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RO000100
R0000200
ROODO 300
RO000400
RO000S00
R0000600
ROOCOQ700
RO0CO80J
R0000900
R0001000
ROOCO1100
RO001200
R0O001300
R0O0024090
RQ001500
R0001600
RO0C1700
ROO01800
R0001900
R0002000
R0002100
RO0002230
RO0C02300

R0002400
0002500
R0002¢00
R00Q2702
R0002800
R0002900
RO0O03002
R0003100
R0003200
R0003300
RO0Q3400
RO003S02
R0003600
R0003700
RO003800
R00Q3900
ROC0O8003
ROO0%100
ROO0N 200
ROCON 300
ROOONNQD
R0008S53)
RO00Q%600
ROOON 700
ROO00NB00
RO00N 900
RO00S00Q3
RO00S100
R000S$200




1
2e
3s
(1]
s
6e
Te

9e
10e
i11e
12+
13¢
i1se
15
16
17
16
19e
20"
21#
22
23»
ri}

25
26¢
27
28
29
30
31
32¢
33
38
35
316%
37
3o
39
a0s
81e
t2e
43
(Y'Y}
a5s
6
a7
L1 1
3I9e
SQe
Sle
52
53s
Sas
$Se
56
STs
58
59e
60
81e
62¢
630
[ 1]
65
bbe
6Te
68~
69
70
Tie
T2
73e
Tee
78
Tee
77e
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SUBROUTINE SETUPIN)

SETS UP MATRIX OF COEFFS USED gY SUBROUTINE MIXCC To O03TAIN
Cl1 AND C)2

REAL N3, K16, T7)

OIMENSION ETAL2), C66(2)
COMMON/ELAST/NT, Cc11t2), Cl2(2)
COMMONCOEF /0

IFIN,EQ,2) GO TO 10

R1ZSORTIN})

R12:=R1ee2

R18ZR12e%2

R16=R12ss3

ETat1)=ci2011/C11(1)
ETAL21=C12€21/€C3112)
€66¢11z.5%1C1111) - Cl201D)
C6612)2,5%1C1312) = C1242))
Kile1)=R1M

K(1,2)2R16

Kil1,3)2R12

Kil,8)z2]).

Kll.S):-pxl

K(l,6)2=R16

RiE1,7)50e

KE2,1)ZETALI*ETA(2)IOR ]S
KE2,2)==o5¢ETAL)18(3s * ETA(2))OR1E
K12,312=.50ETACLISETAL2)0(), = ETA{2))%R]12
KU2,8)-ETA(L)OETAL2)
Ki2,5)=ETAIISETAI2)%R1 N
K12,6)=e5eETA(2)%(3s o ETALL))OR
K(2,7)=00

Ki3,1)=R1usCI2(2) = C1202))
XKi43,2)=0.

Ki3,3)z.R 2¢1C1102) =~ ETAtL2)eCl2(2M)
K(3,80)==3,8¢C12¢2) = C3212))
Kt(3,5)==glaslCclltl) -~ Cl201))
K13,63=0.

Ki3,70=0,
l(‘.ll='Zo‘EYA|l"Efl(Zi.ﬂxQ‘Cbglz’
KC(N,2)==CH6{2)%R16eETALL)SI o(1, » ETALZ))
KN, 3)==ChOI2)SETAILISETAL2)8(1, ¢ EVAL2))eR122
KEqou)S=5e0CO6L2)0ETALLICETAL2)
KN, 5022.0CE601)ETALLISETALIZ)*R]N
KE8,06)23.0C8611)0ETAL2)8(1e « ETALL)ISR1G
K(8,71=0,

nisS,3)=C1112) = cl2t2)

Ki$,2)=0,

MES,3)==C3112) o ETAI2)9C1212)
N(S,8)==3,8(C2112) = Cl2(2y)
K(5,51=0.

K(S,6)=0.

K|5.7’:10

KE6,3)==2,0ETA12)8C66(2)
KEB,2)==3,¢CH6(2010(1. ¢ ETAL2))
Kige3)==CH612)0ETAI2)%1], ¢+ ETAL2))
Klo,0)==6,¢ETA(2)8Chg(2)

K(6,5)120.

.lb.bl=0-

Ki6,7)==CTAL2)

RETURN

CONTINUE

ETA(2)=C1212)/C1142)

KisS,1)1.

K€S,21=1.

I's' 3=1.

KtS,81=1,

nl5.5l=0o

x1S,61=0.

xkiS, 7121,

(6,30 = ETAL2)

KEBe2)= = o58(3. ¢ ETAC2))

N6 ,3)C « Sel1, = ETAI2)1eET 12D
(b, IZETALD)

Ki6,5)=0,

I‘6'6'=°o

Ki6y7)= = ETAI2)

RETURN

END
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st 100200
SET00300
SET00400
SETQ0s00
SETR0623
sEvao700

SET00800
SET00900
SET01000
SET01100
s€101203
SET01300
SETQ140p
SETO1500
SETg1600
s€v91700
SET01800
SETQ1900
$EY02000
$SET102100
SET02200
SEV02300
SET02400
SE102520
SET02600
sEv02700
SET02800
SE 102900
SETQ3000
$E103100
SE103200
SET103300
SETQ3400
SETQ3500
SET03600
SETO3700
SET03800
s€1g3%00
SET0A000
st rov 100
sgvos8 200
SET08 300
SETON&20
SETONSO0
SET0N60g
SETDAT00
SET0s88pp
SET08900
sETgS000
SET0S100
SETpS 200
SET05300
sE 105800
SE 105500
SET05600
sET0s 700

SE'DSI&G
sET05904




1 SUBROUTINE STRESSISIGZY ¢SI6Z2,SIGRVSIGHLIL,SIGH21,815422,8ETAX, STRAO103

2e . BETA2) STROO200
3 c CALCULATES INTERIOR FIBER AND MATRIX STRESSES 7 STROD30O
(1] REAL N} STROONOO0
Ss COMMON/N]IX1/C1(3,3), C2(3,3), GAMMALI3), BANNA2(3), 3ETALLI), STROOSOO0
6 . BETAZ(3) STRODSOO
7e COMMON/ELAST/NY, Ccll(2), C2212) STROO700
8s A23(C211,318BETAZ » (C2(1,1) o C2(1,2))eBETAX ~ GAMNA2I1))/ STROOS0O
9e . IN1e2+¢C2¢1,1)) STROG900
10+ B82=BETAX - A2sN} "STRO1000
i1l 8l3a2 » B2 STRO11gg
12+ SIGZ122.%C1li1,3)*B1 ¢ CLlU3,3)¢BETAZ = GANNALL3) STRO1200
13» SI622=2+9C2¢1,3)082 o C203,3)08ETA2 = GANNA21(3) STRp1303
l4e SIGR=(C1U141) © C101,2))%B8) o CI1(]1,3)%BETAZ - GAMMAL(]) STRO1400
15¢ SIguIl=SIGR sTrRpa1S00
16 SIGH21CC201,208(=22 + B2) * C2(1,1)180(A2 * 32) » C2t1,3)10BETAZ STRO163)
17e . e GAMMAZ(]) STRO1700
18 SIGH222C211,2)0(=A2¢N] < 82) o C2Ul,1080A20N) ¢ 82) ¢ C2(1,3) STRO1800
19s . SRETAZ -~ GAMMAZEY) STRO1900
23 RETURN STRO200p
21s END STRO2103
) OF COMPILATION: NO DJIAGNOSTICS.
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1*
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s
e
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8
9e

10

11

12+

13»

18

1S
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17

18

19+

23

21e

22

23e

24

25

26

21s

280

29e

30=
31e

32

33

I8

315+

369

37

M T

39e

aJe

Nge

&2

83

(1Y}

480

ape

aTe
age
a9e

SQe

Sle

52+

53

Sas

55

S6e

STe

Sge

S9e

(Y1

6le

82

63

bhe

65e

SUBROUTINE THERMLIALF,SIG0OT)

DIMENSION Xtg), ALFiN), SIGQOT(4,3)

REAL N1, N2, N3, K

COMMON/ONE/NY, N2, N3

COMmMON/THO/CLIN,8), C2(0,8), C3ta,n)
COMMON/COEF/K16,7)

COMMON/ THREE/GAMMAL (8), GARNa2(4), GAMMAZ(N)
Kilel)=Clel, 1)

Ki1,21=2Q0.

l".:’zoo

K11,8)2C111,2)

Ki1,502C2¢1,3)

Kil,8052,0C1t1,0)

K(LoTIGAMMALI])

XKt2,13=0.

N12,2312C211,11)

XK(2,31=0,

Ni2,8)2C211,2)

HE2,50=C2€1:43)

Ki12,6)=2.8C2¢1,4)

Ki2,7V2GANMA21Y)

Kt3,11=0.

Ki3,2)=0,

Kt3,31=C3¢1,1)

KE3,8)=C3L1,2)

KE3,S)=C381e )

Hi3,60=2.3C3¢1,0)

K(3,TISGAMMATZ(])

Kiwg1)=N1eCl¢l,2)

Ki8,2)=N20C2(1,2)

K%, 3)=N3eC3(1,2)

RENy8I=NIsCI(2,2) » N28C212,2) ¢ N38C3(2,2)
KIN,SITNISCU2,3) ¢ N2#C2(2,3) ¢ N3#c3€2,3)

M8 ,6)22.0(NI2C1(2,8) & N2OC2(2,8) ¢ N39C3(2,8))
NEQ,TIZNIGSGAMMALIZ) & N2oGANMMAZ (2) o N3IsGANNAZ(2)
KiSe3)=N1eClI1,3)

NIS,2)=N28C2(1,3)

ﬁi5.3i3N3‘53€1.3%

KES,8)=K1eC1(2,3) ¢ N2+C202,3) ¢ N3IsC3(2,3)
NESeSISN18CL113,3) o N2eC2(13,3) ¢ N3sC3(3,3)
KIS0 2.0INISCII3,8) & N2OC21348) ¢ N3$C3I(3,08))
KIS, TISNIOGAMMNALIZ) o N2GAMMA2(3) » N3IsGANNAZLS)
Kiby33=N1eCltl, M)

K16,2)=N28C2(1,0)

KEbeIIN3ISCI(]1,0)

KigoeWI=NISCRE2,4) ¢ N2eC2(2,8) o N3I8C312,4)
REG,SISNIsCI(3onu) & N28C213,8) ¢ NIsC3I(3,4)
KEGgb)=2.0¢NJ8CLl(4,0) o N28L2{&,8) o N3IoC3Iln,8))
KEGyTISNLIGGAMMALIND & N2sGAMMAZ(8) o NISsGAMMAZ(Y)
CALL ROOT(6&,X)

EPSXSNIeXI1) & N2sX(2) + NIsX{3)

ALF(1)ZEPSX

ALFL2)=X1M)

ALFLI3¥ICXS)

ALF(N)ZXLG)?

SIGDOT(1,13=ClE1,108X (1) ¢ ClU1,2)eX(4) ¢ CLlU},3)0e8X15)
. o 248CLlU1,0)0X16) ~ GAMMALILYL)
SIGDOTI2,1)=C111,2)8Xt1) ¢ ClE2,2)8X &) + CL102,3)eX{5)
. ¢ 2.0ClU2,8)0X(8) ~ Glﬂ”ll(z,
SIGDOTI3,10=C1tl.30eX(1) ¢ C1U2,3)eX(0) + C1(3,3)ex(5)
. * 2,8C1U3,408X0(g) ~ GAMMRLLS)
SIGDOT(8,1)02Clil,deXil) ¢ Cli2,0)0X(4) o Cri3,808X1(5)
. o 2.8CLlEN,8)4xL6) ~ GAMMAL (N)
SIGOOT(1,2)2C202,108X(2) o C201,2)%X(4) * C21(1,3)6X(5)
. * 2.8C211 008X 6) ~ Ganma2(1)

174




66e SIGDOT2,202C241,208X12) & C202,2)8X14) * c2(2,3)8x(S5)

67 . 4 2.0C212,8)8X(6) = GANMAZ(2)
(Y1 SIGDOT13,213C211,318X(2) o C2(2,3)ext¥) o C21(3,3)0X(5)
9e o * 248C203,8)8X16) « GANMAZ(3Z)
10 SIGDOTIN,2)3C20 s0deX(2) o C212,8)8X(4) + C213,0)8X(5)
T1e . * 248C2(8,0)8X16) = GAMMAZ(N)
72 SIGDOT!1,3)2C302,2)eX(3) ¢ C£311,200X14) o C311,3)ex15)
73 o * 2.8C301,808X16) = GANMA3Z(L)
1L SIGOOT(2,312C3C1,208X(3) o C302,218X(4) & C31243)ex(5)
15« . * 2.0C3(2,408X(0) = GAMMAS(2)
7o SIGOOT (3,31SC301,306X(3) o C302,3018X0y) » C303.30¢x(5)
17 e e 2,8C3(3,4)8X16) - GAMMAZ(3)
78 SIGDOT(N,3IZC3U1,410XI3) ¢ C302,8)8Xt4) ¢ C3U3,0)8X15)
79e . + 2.8C3(N,4)eXL6) - GAMMATIISN)
Qe RETURN
8)e END

END OF COMPILATION: NO DIAGNOSTICS,
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